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CrpaTterust noncka skCTpemyma

Mounck skcTpeMyma — MUHUMYMa UM MaKCMMyMa BCETAa MOXET
ObITb CBEfEH K MOMCKY MUHUMYMA: E€CNIN UCXOAHO HYXKEH MaKCUMYM,
CMeHa 3HaKa (byHKLUM MPUBOAUT 33424y K MOUCKY MUHUMYMA.
MuHuMyMOB MOXeT 6bITb MHOrO. MuHUMYM, B KOTOPOM (hyHKLMS
MMEET HAaNMEHbLUEE 3HAYEHNE CPean BCEX MUHUMYMOB, HA3bIBAaeTCs
rnobansHbiM MuHuMymom. Bce ocTanbHble HasbiBatOTCS
JIOKaJIbHLIMU MUHUMYMaMU.

Crpaterus:

» HaxoxgeHue obnactu akcTpemyma.

> HaxoxgeHue skCTpeMyMa BHYTPU JIOKaSM30BaHHO obnacTu.
VMmeHblueHne obnactu noncka.

» VMeHbLUEeHNe Wara Noncka.



OaHomepHble 3aga4y

CoBepLuaeTtcst 0b6xof 06aaCTM C NOCTOSIHHBIM LLIATOM 1 U3Y4aeTCst
noseaeHne yHKLMN

» [leneHune oTpeska nomnonam

» [leneHne 3010TbIM CEYEHUEM



MeTon KBaApaTUYHO anmnpokcMMaLmm

B Tpex Toukax: x1, X2, X3 BbIMUCASIOTCS 3HAYEHNST PYHKLMUN
Yi, Y2, Y3 U MO 3TUM TPeM TOYKaM CTpouTcs napabona (metogom
Narpanxa):

(x — x2)(x — x3) N (x — x1)(x — x3) (x —x1)(x — x2.

y(x)=xn (

Ee akcTpemym

X1 — X2)(X1 — X3) (X2 — X1)(X2 — X3) (X3 — X1)(X3 — X7

dy(x) (2x — x2 — x3) (2x —x1 — x3) (2x — x1 — X

dx ! (x1 — x2)(x1 — x3) 2 (x2 — x1)(x2 — x3) 3 (3 —x1)(x3 —

onpenendaeT HoOByrO TO4YKY

_ 50 —y) +x5 (s — ) + X501 — ye)
2(x1 (y2 —y3) +x2(y3 — y1) + x3(y1 — y2))




OAHaKO, npexae 4eM BblHUCIATD 3TY TOYKY, HY>KHO BbIHNCIINTb
3HAaMEHATEND!

» Ecnu o nonoxnTeneH — B Touke x4 MUHUMYM napabonsi (Ho
He 0Dsi3aTesIbHO UCKOMOIE PyHKLNN).

» Ecnn oH oTpuuaTenen — B Touke x4 Makcumym napabosibl (Ho
He 0bsi3aTeNbHO MCKOMON hyHKLMM).

» Ecnu oH paBeH Hynto — TOYKM NieXaT Ha OAHOI NpsSMOIA.

3aTtem OT6paCbIBaETCF| TOYKa, Hanbonee yAaNn€HHasA OT X4 U Ha
OCTaBLUNXCA TPEX TOYKAX aJITOPUTM MOBTOPAETCA.



MHoromepHble aKCTPEMYMb

Mouck akcTpeMmyma MMeET CTpaTeruto:

» [louck obnactu skcTpemyma. B ogHomepHoM ciiyyae — waru B
HanpasfaeHn yobiBaHMs byHKLMK, NOKa OHA HE CTaHeT
BO3pacTaTb. 3aTeM MOXXHO YMEHbLLLUMNTL LUAT.

» [lonck B HaligeHHoW obnacTm



CuMnnekcHbIli nouck

B n - MmepHOoM mpocTpaHcTBe BbibrpaeTcsi N+ 1 HavaNbHLIX TOYEK,
B KOTOPbIX BbIYNCASIETCA 3HAYEHNE MUHUMUN3NPYEMOIA DYHKLMM, 1
KOOPAMHATLI TOYKU, B KOTOPOiA 3HayYeHune pyHKLNN MaKCUMaIbHO

(Banblue BCEro oT MUHUMYMa) VHBEPTUPYIOTCS MO hOPMYIIE:

Fpt1 = rc_(rn+1_rc) =2 Fe—rn+1, X,I7+1 = ; (X]I.+Xé+' : '+Xrl7)_xrl1+1'

B sToli Touke TakxKe BbIYUCNAETCA 3HAYeHue beHKLI'I/II/I, n ecnam oHo
OnATb OKa3bIBA€TCA MaKCMMaJlbHbIM, TO MUHUMYM Haxo4UTCA
BHYTpPU O6J'IaCTI/I, COCTaBJIEHHOI U3 NCXOAHOIro U UHBEPTUPYEMOIO
CAMMNJIEKCOB.

B NMPOTUBHOM CJ/lyHa€ HY>XHO MHBEPTUPOBATL CUMMNNEKC B BEPLUNHE
C MaKCMMaJibHbIM 3HAa4Y€HNEM beHKLI,I/II/I. I_IpI/I 3TOM MaKCMMaJibHOE
3Ha4€Hne BCE BPEMA YMEHbLUAETCA.



[Monck Ha Kybuyeckoli pelueTke

Bonee npoctas cTpaTerus nepeHoca ofHOMEPHOro MOMCKa Ha
MHOrOMEpHbIi — pasbueHne obaacTu n - MEPHOro NpPOCTPaHCTBA Ha
n - MepHble KyObl — NOCTPOEHMNE N - MEPHOI KYONYECKOl peLleTku:
JeneHne no KaXkAol nepeMeHHON Ha paBHble MPOMEXXYTKN.
OpgHako n - mepHbIil KyD umeeT 2" BepLnH, B OTAIMYME OT N
-MEpPHOro CUMMJIEKCa, UMeKLWero n + 1 BepwnHy, 4TO npu
BonbLMX N NPUBOANT K DONBLIOMY 0ObEMY BbIHNCAEHWIA.
Hanumep, npu munnmmuzauun dyHkummn 10-u napameTpoB HyXXHO
BbIUMCANTL 11 3HaueHnii gns ncxopHoro cummnekca n 210 = 1024
3HAYEHNsI ANsi UCXOAHOro Kyba. [Npu MHBEPTUPOBaHUM CUMMIEKCa
HYXHO BbIYUCANTL OfIHO JONOMHNTENLHOE 3HadeHNe, a y Kyba 2771
HoBbix 3HaueHnii. (Mpn n = 10 ux 512).



MeTon NnokoopAnHaTHOrO Crycka

M3 HekoTOpOIA HaYasibHOW TOYKM C KOOpAUHaTaMu x{’, xg, cee x,?
ULLETCS MUHUMYM (PYHKLMMN OLHOW NMepeMeHHOl X1 npu

PUKCMPOBaAHHbBIX 3HAYEHNSAX xg, ..., X9, 3aTem yxe npu HOBOM

3HaYeHUN X1 1 UKCUPOBaHHBIX xg, e x,? NLLETCS OLHOMEPHbINA

MUHUMYM 1O X2 1 T.4.
MeTop yHMBepCaieH, 0OQHAKO YYeT CneundguKm 3a4a4m MOXET
MO3BOJINTb MEHATb HE OfHY, @ CPa3y HECKONbKO KOOPAMHAT LA

YCKOpEHUsI npoLecca MUHNMU3ALUN.



[ pafvieHTHbIA MeTos

OcyuwiecTBnsieTcs OAHOMEpPHAs MUHMMU3ALMS Mo nepeMeHHom t npu
VI3M€H€HVII/I koopauHaT Ax' = tn', roe BekTop n' onpegensiercs
"pazHOCTHLIM rpagumeHToM":

.f(xl,...,xi—i—hi,...,x”)—f(xl,...,x”)_
hi

KoncTanTel h', a' onpepensitotcs n3 usnyecknx coobpaeHui,
COTNAcysiCb C Pa3sMEPHOCTbIO nepeMeHHbIX x'. MoXHO coBepLunTb
HECKOJIbKO LLIAroB C OfJHIM U TeM ke 3HadyeHneM n' ans noucka
MuHUMYMa no t. lNocne 3Toro BLIYUCASAIOTCA HOBblE 3HAYEHUS
BekTOpa n'.

IT0T MeToz 6onee Npo3payeH, Koraa NepemMerHble X' npueeaeHs! K
bespa3mepHoMy Buay U MacwTab ux BblIbpaH Tak, YTO BAUSHUE UX
W3MEHEHNI HA N3MEHEHNE MUHUMMN3NPYEMON hyHKLUN
NpubAM3NTENBHO OANHAKOBO.



MeTon Hanckopeiiliero crnycka

DTOT MeTog, aHaNornyeH NpeablayLeMy, HO 3HaYeHusl BekTopa n'
BbIYUCSIOTCS 3aHOBO MOCJIE KaXKAOoro wara no t.



MeToan Xyka-/[xusca

Metop paspabotan B 1961 roay. Mouck coctout us
NoCcNefoBaTeNlbHOCTMN LWAroB BOKPYr 6a3snCHOM TOUKMN 1 3aTeM —
nonck no obpasuy.

» Bribop HavanbHoii H6asuncHoli TOUKM o = (X3, %3, x§) m
ara no Kaxkaoii nepemeHHoii h'.

> Bbluncasiotcsa 3HadeHne dyHKLMKM 1 NOCAE NPUPALLEHNS MO
KaXX[10/1 NepeMeHHO no o4epeam Ha war h':

fo="~(ro); fi= f(x&,xg,...,xé+hi,...,Xé’); i=1,...,n.

» Ecnum caeur npueoanT K yBESNYEHMIO 3HAYEHUS!, TO Lar
MEHSIETCS Ha ObpaTHBbIii:

if(fi > f)h = —h =0, x3,.... x5 +h,. ... x0).

» Ecnu n nocne storo f; > fy, To nonaraetca h' = 0.

Takum obpasom dopmupyetca sektop casura h = (ht, h? ... h").



Mocne 3Toro HauMHaeTcs npoueaypa c4sura no obpasuy
> Boluncnsietcs 3naderue dyrkuymum f(ry) B Touke rp = rg + h.
» Ecnu f(r1) < f(ro), To popmMmpyeTcsi HOBbIV BEKTOP

KoopauMHaT
ro =ry + h. (1)

Takue warn noBTOPstOTCS, NokKa hyHKLUMUS He nepecTaHeT
YMeHbLIATbCS. Torga npefnocfiefHsisi To4ka BHOBb
NpUHUMaEeTCs 33 Da3MCHYIO, UCXOLHbIE LIArK YMEHbLIAKOTCS B
[Ba pa3a 1 BeCb MPOLECC NOBTOPSETCS.

» Ecnun warn ctann MEHbWNMN, HEM YCTAHOBJIEHHAA TOYHOCTD,
npouecC NpeKpawaeTcs.



MeTon KBagpaTW4HO annpokcMMaLmm

Beibupaetcs (n + 1)(n + 2)/2 Touek n 4epes HUX NPOBOANTCS
KBafpaTN4YHast NOBEP3HOCTb, Y KOTOPOIi N ULLETCS MUHUMYM.

Ecnn B ofHOMEPHOM CilyHae Tpu TOYKM ANt KBAJPATUHHOMA
annpoKCMMaLNi MOXHO BbIBUPaTh JOCTaTOMHO MPOM3BOJLHO, TO B
MHOFOMEPHOM CJlyyae fyylue 3TOT BbIGOp ynopsigoHnThb.



[1BymepHast 3aga4a

HayHem ¢ aBymepHoOli 3agaun, rae HYXXHO BbIOpaThb LIECTb TOYeEK
ONs1 NOCTPOEHUs! KBaApaTUYHOA annpokcumauun. Ecnn
KOOPAMHATBI HavasnbHoli Touky Bbibepem 3a (0, 0), ocTanbHble NATL
TOYeK BbIOMpPaEM CABMIOM OT HEE HAa OAWH WM [Ba NMOCTOSIHHLIX

wara hy, hy:
o = (0, 2hy);
ro1 = (0, hy);  ri1 = (hx, hy); (2)

roo = (0, 0); rio = (hx, 0); o = (2hy, 0).




B 3Tux To4kax HaxoguM 3HAYEHUS MUHUMUBMPYEMONA PyHKLMM
f00, - - -, fo2. Tenepb CTPOUM KBaApaTUHHYIO ABYMEPHYHO
annpoKcMMaLuto

F(r):311X2+2a12Xy+322y2—2alx—2a2y+a0 (3)

N WwecTb Ko3thPULNEHTOB ag, aj, ajj HAXOAATCS U3 LIECTU
NINHElHbIX ypaBHeHwii F(r;) = f;:

o a:3foo—4f10+f20, a:3foo—4f01+ﬁ)2,
o = foo; a1 ih S ih

1

5 _ foo —2fio + fao 5 _ foo—fio —for + fi1. (4)

_ foo — 2fo1 + fo2
ax = BT



Tenepb nwetcs MUHUMYM byHKUMM F:

F F
gx = 2(a11x + anpy —a1) =0; gy =2(a1ax + axy — a2) = 0.

/13 peluenns 3Toli CUCTEMBI HAXOQUTCA MONOXKEHNE SKCTPEMYMA
annpokcumupytowein yHkumn F (Ho He f).

Tenepb HYXXHO yMeHbWUTb warn hy hy 1 NOBTOPUTL anropuTM B
OKPECTHOCTU TOYKN MUHUMYMA X0, Y-



TpexmepHast 3aga4a
B TpexmepHoii 3agaye Touku (2) nonyyaT ewe TPeTbIO KOOpAMHATY
z =01 K HUM A0DaBATCA ellle TOYKMN CO CMELLEHNEM MO Z HA OAMWH

nnn aea wara h,:
) ro1 = (hs, 0, hy)
z




Mo 3HaYeHUAM MUHUMUN3UPYEMOIi (DYHKLUU B 3TUX TOYKaX
HaxoasATcs Ko3dbpMLUMeHTbI KBaapaTMYHoi dyHkuumn F. K

koadppuumentam (4) pobasstcs kKoahdULMEHTbI

_ 3000 — 4 foo1 + foo2

as as3

4 hs '

fooo — f100 — foor + fio1

21

_ Tooo — 2fo01 + foo2

fooo — fo1o — foo1 + fo11

ai3 = 5 hl h3 y a3 =

nocne 4ero casur no X, y, Z HaXoonTCAa U3 CUCTEMbI JNINHERHBIX

YpaBHEHNA
allAX + algAy + 813AZ

a1 Ax + anAy + ax3Az

a13Ax + ax3Ay + azzAz

AHanoruyHo nponcxoanT gobaeneHune ko3hdULNEHTOB 1

YPaBHEHWUI NpY yBeANYEHUN PA3MEPHOCTH.

ai,

az;

as.

2 hy hs

)



MHoromepHast 3aga4a
B obwem cnyyae npy Haamumm n nepeMeHHbIX BbIMOJHAIOTCS
OENCTBNS, KOTOPbIE MOXHO BbINIO NPOCIEANTL HA ABYMEPHON 1
TpexmepHoOIl 3ajade.
Beenem HekoTopble 0603HaueHUs. 3HadYeHNe DYHKLUN B UCXOLHOA
To4ke obo3HavaeTcs

fo = f(xl,x2, s x™).
B Touke, coBUHYTOI HA OAWH LIAr MO OAHOW /- NEPEMEHHOIA:
fi=f(xY . x A X,
B Touke, cABUHYTOIM Ha OAWH LWar MO ABYM pa3HbIM MePEMEHHbLIM:
fij = Fx, xR X WX i<,

npuyem npu i = j PYHKLMS BBIYUCISETCA B TOYKE, COBMHYTON Ha
ABa Wara no ogHoON NepemMeHHON:

fi=f(xY . .. x'+2h ... x").



> CTpOVITC;I CUMMETPNYHaA MaTpuLla a,‘ji

» Haxogsatcs n koapdpuumentos b; no dpopmyne

_ 3f—Afi+f;

b; > (6)

» Peluaetcs cuctema nuHeliHbIX ypaBHeHWA
n
S e = b (7)
J=1

> Touka 3KCTpeMyMa KBaZpaTW4YHO anmnpoKCUMUPYIOLLEl
yHKuMM (HOBasi TOHYKA MOMCKA) UMEET KOOPAMHATI

X=x"+h A

Hy)KHO y6ep,v|Tbc9|, HYTO Mbl HAWIN MUHUMYM, @ HE MAaKCUMYM!

f(x) < fo.



Ecam h' AT < A’ — 3apaHHbIX abCOMOTHBIX MOrPELLHOCTEN, uan
A’ < §' — 3ajaHHBIX OTHOCUTENbHBLIX NOrPELLHOCTEl, TO NONCK
MUHUMYMa MPEKPALLAETCs, MHAYe MPOLLECC NOBTOPSIETCS CHavana,
MOXET ObITb, C U3MeHeHHbIMMN (YMEHbLUEHHBIMI) LWaraMm.



