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AuHamuyeckoe mopenuposaHue

JlaH4yectepckas Teopus 6ute
MupoBsas guHamuka
Teopus ouepepein

Opepepuk V. Jlanuvectep

OpauH 13 OCHOBOMNOJIOXXHMKOB aBTOMObMIECTPOEH NS
B AHrnum n Teopuu nosneta camoneta Ppegepuk V. JlaHuectep
(1868 — 1946), aHanu3upysi butesl [lepsoii MupoBoi BOIiHbI,
MOCTPOWUJ MPESENbHO NPOCTYo cuctemy AunddepeHumnanbHbIX
YPaBHEHWNIA, ONNCBIBAOLLMX ANHAMMUKY YMEHBLUEHNS YNCNEHHOCTN X
W ¥ BOWCK ABYX BOIILYMX CTOPOH:
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AuHamuyeckoe mopenuposaHue

JlaH4yectepckas Teopus 6ute
MupoBsas guHamuka

Teopus ouepepein

x=—kyy; y=—kex. (1)
DTO NUHENHAsA CUCTEMA YPaBHEHWIA, UMEIOLLAsh TOYHOE PELLEHNE

o ($)-mfEa(®)

t k t
Yo ch <*> — X0 X sh (*) ,

T k, T
rae 7 = 1/4/kx ky,. Ecnu B kakoii-To MOMeHT t = t; Boiicka y
ByayT NOAHOCTBIO YHUUTOXKEHbI ¥ = 0:

i (2)=2vE

-
Ons poctmxeHuns nobeabl BoWCKaMu X HEOBXOAMMO

ky xg >k, yg. (2)
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AuHamuyeckoe mopenuposaHue

JlaH4yectepckas Teopus 6ute
MupoBsas guHamuka
Teopus ouepepein

xo = 200; ky =1; yo=100; k, =3;
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AuHamuyeckoe mopenuposaHue LR aE R TR (D

Muposas guHamuka
Teopus ouepepein
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AuHamunyeckoe mogenuposaHue
EDOATHLIE YUC3 Jlanyectepckas Teopus 6ute
) Muposas guHammuka
Teopus ouepepein

CraTtucTtuyeckoe MOOENNPOBAHNE

Mpn cocTtaBneHum ceteBbix rpacpuKoB B CTPOUTENLCTBE AJ1si yYETa
HEOMpeAeseHHOCTN Havasna U OKOHYaHusl paboT mcnonb3ytoT

(B-pacnpegenenne.
f
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AuHamuyeckoe mopenuposaHue

JlaH4yectepckas Teopus 6ute
Muposas guHamuka
Teopus ouepepeii

Teopusa ouepepeii

Knaccnyeckas Teopusi ouepenein nCxoguT U3 BOSMOXKHOCTU
oyepean umetb tobyto gnuny ot 0 go oo.

PaccmoTpeHune MapKoBCKOro MpoLecca NEpexofoB MeXay
YPOBHAMU NPUBOANT K pacnpegesnieHunto aauH odepean no lNackanto
C NapaMeTpoM, OnpefensieMblM OTHOLUEHUNIO CKOPOCTU MpuUxona
KJVEHTOB ¢ K CKOPOCTU obcayxusanusi r: v = q/r:

pn=(1—=7)9"
C MAaTEMATUYECKNM OXKWNOAAHUNEM U ,u,mcnepcmeﬁ
T . p y

<n>=_—y; =——==<n>(<n>+1).
1—y" 7" (1—9)?

D. Burlankov CraTucrtuyeckoe mMoaenmposaHue



BepositHble uncna

AnnpokcumMayus BEPOSITHBIMU HUCAAMU
CnoxeHune BepOATHbIX Yucen
BuHomMmunansHoe pacnpepenexune

BepositHoe 4ncno mbl bygem npeactaBasite TPORKOM Yuncen:
[a, b, r], roe nepBble ABa YNCNA ONPELENSIOT BEANYNHBI 3HAYEHUIA

X1 < X2
X1 + xo |x2 — x|
a=——; b=—"—"—">0, 3
5 5 (3)
a TpPeTbe — BEPOSITHOCTHbIA MapameTp:
1—r 1+r
p(x1) = 5 p(x2) = > -l1<r<1. (4)

[NepBble cEMUMHBApMAHTLI 3TOrO pacnpeeseHns

1— 1
XIBE<X>B:Tr(a—b)+ err

(a+b)=a+br;

X = Df = (1- 1) )

X

xZ8=af =2b3r(1-r?).
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AnnpokcumMauyus BEPOSITHBIMU HUCAAMU
CnoxeHune BepOATHbIX Yncen
BuHomMmunansHoe pacnpepenexune

BepositHble uncna

AI'II'IpOKCI/IMa LUnAa BEPOATHBIMU HMUCNnaMu

[obueasce annpokcuMaym BEPOSITHBIM YUCIIOM HEKOTOPOro
pacnpenefneHnsi C COXPaHEHNEM 3HAYEHUI NepBbIX TPex
CEMUWHBAPWAHTOB, HY>KHO PELUNTb CUCTEMY YPaBHEHWIA:

at+br=<x>: b2(1—r2):DX; —2b3r(1—r2)204x,

Pewas 3Ty cuctemy, HaxoAUM 3HaY€HMS NapaMeTpoB BUHapHOro
pacnpegenenus [a, b, r|, annpokCUMUPYIOLLErO NCXOZHOE:

kzzi; a=x1+k b=k +D; rz—g (6)
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one. OBaH
i AnnpokcumMayus BEPOSITHBIMU HUCAAMU
CnoxeHune BEpOATHbIX YMcen
BuHomMmunansHoe pacnpepenexune

BepositHble uncna
BepoaTHbie ypOBHY

CnoxxeHune BEPOATHbLIX HYUCEN

MycTb K BEAMYMHE X NPEACTABNSAEMON BEPOSITHBIM YMCNOM

[A, B, R] pobaensietcss cnyyaiiHas BeaMYmMHA y, Takxe
NpeACTaBASIEMOli BEPOSTHBIM Ynciom [a, b, p]. PesynbTupytowas
BEIMYMHA Z = X + y NPUHUMAET YeTbIPe 3HAYEHUS

z1=A—-B+a—b, z=A-B+a-+b;

zz=A+B+a—-b, zz=A+B+a+b
C BEPOATHOCTAMMU, COOTBETCTBEHHO,
A-R)(0-r) O=-R)(A+r) (A+R)(A-r) @+R)(1A+r)
4 ’ 4 ' 4 ' 4 ’

[MpeobpazoBaHme cucTembl N3 HETHIPEX CAy4YaliHbIX HMCEN B
BEPOSITHOE YMCNO (fBE CNyYalHbIX BENNYNHBI) NPOBOAUTCS HA
OCHOBE COXPAHEHUS NEPBbIX TPEX CEMUVHBAPNAHTOB.
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BepositHble uncna

AnnpokcumMayus BEPOSITHBIMU HUCAAMU
CnoxeHune BEpOATHbIX YMcen
BuHomMmunansHoe pacnpepenexune

Hy)KHO BblHNCJANTb TPN MOMEHTA:

my; = X1 p1 + X2 P2 + X3 p3 + X4 Pa;

my = x{ p1 -+ X3 p2 + X3 p3 + X2 pa;

ms = X3 p1+ X3 P2 + X3 P3 + X3 P,

Hepe3 KOTOPbI€ BbIHUCNAKTCA CEMUNHBAPUNAHTDI!

. _ 2,
X1 = my;, X2 = m — myg,
X3:m3—3m1m2+2mf.

Yepes ceMunHBapuraHTbl BO3BPALLETCS BEPOSATHOE HMCIO.
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AnnpokcumMayus BEPOSITHBIMU HUCAAMU
CnoxeHune BepOATHbIX Yucen
BuHomMmunansHoe pacnpepenexune

e enu aHune
BepositHble uncna
o511 -

BuHommnansHoe pacnpegeneHue

<x>=n(atbr)=A+BR; Dy=nb*>(1-r?)=B?(1-R?);

ax=-2nb>r(1—r?)=-2B3R(1- R?).
W3 sToin cuctembl Haxogmm
1-R?  1-1r?

BR=br;, A=na+(n—1)br, =2 =n 5

OTKyAa
r

R = ;, B=by/n—(n—1)r2
n—(n—1)r?

B cummetpuynom cayyae (r = 0)
R=0;, A=na B=byn



CnoXeHue n BblYMTaHUE

BeposiTHbie ypoBHU

BeposiTHblii ypoBeHb — 3T0 buHapHasi cuctema, B KOTOPOIA O4HO U3
YMCEN PAaBHO HYIO, @ APYrO€ X Peann3yeTcsi C BEPOSITHOCTBIO P.
MpeacTtaBnsietcs napoii 4ucen [a, s|, rae a — matemaTuyeckoe
oxungatue, a (sa) = VD - HOpMa:

p=1/(1+5s%); a=px XZ%; D = xp(l—p)=(as)’.

[Mpy annpokcMmMmaLMm HEKOTOPOrO pacnpefeneHunsl BEPOSTHbIM
YPOBHEM — Yepe3 MaTeMaTuU4eckoe oXXupaHnme < X > 1 AUCNEPCUIo

Dy
Vv Dy

a

a=<x> s=

D. Burlankov CraTucrtnyeckoe mMoaenmposaHue



eposITH uc
BeposiTHbie ypoBHU

CnoxeHue n BblYMTaHUE

CJ'IO)KeHI/Ie, YMHOXEHNE N BblHATAHNE

Cnoxenue ypoBHeii [a, s| = [a1, s1], [a2,52], a1 > 0 a2 > O:

1
a=ai+a; s=-1/als?+alss.
a

CymMMupoBaHuMe N 04NHAKOBbIX

z,=[na, s\/n].

YMHoXeHune
[a1, s1] X [a2, $2] = [a1 a2, 51 52].
Boiuuranue (a > bp)

b Va2 s2 4 b2 r?

142’ _ b
+s a— {12
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Teopus ouepepeii
ITHbIE YPOBHY Cratuctuyeckas JlaHyectepckas guHamuka
Mpunoxenus

VpoBHEBas annpokcMMalms ovepean

Ouepesb NpeacTaBAsETCS YPOBHEM X C BEPOSATHOCTBIO P, @ C
BEPOATHOCTBIO 1 — p OHa UMEET HYNEBYIO AJNHY, TaK YTO
MaTEMaTUYeCKOe OXUAAHME AANHBI @ = X p. 33 HEKOTOPbIN
WHTEPBaN BPEMEHMN C BEPOATHOCTBIO § €€ AJINHA MOXKET
yBeNn4nTLCs (HOBBIN KMEHT) OT 3Ha4Y€HMs X A0 BEMHUHbI X + 1,
NMEIOLLEN BEPOSITHOCTL P g N OT HYAEBOrO YPOBHS, NPUHAB
3HayeHne 1 c BepositHocTbto (1 — p) g. 3a 3TOT e MHTEpBaN OHa
MOXET C BEPOSITHOCTBLIO r YKOPOTUTHCS (KAMEHT 0BCIyxXeH), HO
TONIbKO OT BEPXHErO YPOBHSA, MPUHSAB 3HadeHne x — 1 ¢
BeposiTHocTbiO p (1 — ). U, HakoHew, ¢ BeposiTHOCTbIO 1-g-r ee
AJIMHA HE N3MEHWNTCS, COXPaHNB 3HAYEHNE X.
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Teopus ouepepeii
Cratuctuyeckas JlaHyectepckas guHamuka

Mpunoxenus

1 Xx-1 X Xx+1
B koHue nepuoga nMeETCA NATb 3HAYEHWIA C BEPOATHOCTAMM
3HaueHune 0 1 x-1 X x+1

Beposthocts  (1-p)(1-q) (1-p)g pr p(l-g-r) pgq
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Teopus ouepepeii
] Cratuctuyeckas JlaHyectepckas guHamuka

Mpunoxenus

X N p ONpenensarTca N3 yCnoBnsa HEU3IMEHHOCTU, ANSA HEro AO0JIXKHbI
OCTaTbCA HEU3SMEHHBIMN MATEMATUHECKOE OXKNOAHNE N aNCNEPCUA.

<x>=q+p(x—r)=px
my=q+2pgx+p(r—2rx+x%) =px>

Ortctoga p = q/r, OTKyga cnefyet, 4HTO CTaLMOHAPHOE peLleHmne
nmeercs auwb npu g < r. danee Haxogum

r

r—gq' r—-q 11—+ r

2=

MaTemaTuyeckoe oXXngaHUe COBNAAAET C TOYHBIM 3HA4YEHUEM.
Oncnepcus D = a otanyaetcs ot To4HOro 3HadeHus D = a(a + 1)
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Teopus ouepepeii
Cratuctuyeckas JlaHyectepckas guHamuka
Mpunoxenus

CraTtncTtuyeckas ﬂaH‘-IeCTepCKaFI ANHaMINKa

YucnenHocTb BOWMCK onpeaensieM ypoBHsMu [a1, S1] 1 [a2, sp].
KoadbbunumeHTsl 3hheKTUBHOCTN TaKXKE NPEACTABISIOTCS
BEPOSITHbIMU ypoBHAMY [k, ri] n [ka, r2]. Mpumep:

z1 = [100,0.33]; m1 = [0.1, 0.65];

72 = [100,0.33]; m2 = [0.1,1.53];

80t *
L]
[}
60 %
L
e,
40 -::.. .
.
20 * "......"'l.lllllllllllll
-....
."'-.
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MepBasi apmusa nobexaaer 3a cyeT MeHbLUero pasbpoca B
appekTnBHOCTYN (BEPXHSISI KPUBast).

D. Burlankov CraTucrtuyeckoe moaenmposaHue



Teopus ouepepeii
] Cratuctuyeckas JlaHyectepckas guHamuka

Mpunoxenus

Bot pesynbtaT nobegbl apMun ¢ MeHbLIEN YUCAEHHOCTBIO, HO
nyyeli 3pheKTUBHOCTBIO:

z1 =[200,0.33]; m1 = [0.1, 2];

z2 = [100,0.33]; m2 = [0.3,0.5];

200t} e
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Teopus ouepepeii

5 ] Cratuctuyeckas JlaHyectepckas guHamuka
Mpunoxenus

Mpwn kpuTnyeckom JlaH4ecTepCKOM COOTHOLLEHUN
2 2
k]_ n]_ - k2 n2

npy OAMHaKOBbIX pa3bpocax Habntogaetcs auHamuka JlaHyecTepa,
3aTAHyTas BO BPEMEHMU:

71 = [200,0.1]; m1 = [0.1,0.1];

z2 =[100,0.1]; m2 = [0.4,0.1];
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Teopus ouepepeii
] Cratuctuyeckas JlaHyectepckas guHamuka

Mpunoxenus

Mpu JlanyecTepckom cooTHoweHun nobega onpegensieTcs
MUHUMYMOM pa3bpoca acbbekTUBHOCTH:

z1 =1200,0.1]; m1 = [0.1,0.3];

z2 = [100,0.1]; m2 = [0.4,0.2];
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Teopus ouepepeii
Cratuctuyeckas JlaHyectepckas guHamuka

Mpunoxenus

@ BeposaTHble uncna mogenupytot ntoboe pacnpegenetue,
COXPaHsIsi NEPBbIX TPU CEMUMHBAPUAHTA.

@ BeposiTHble ypoBHN MOAENNPYIOT PBCMpeAeneHns
MONOXKUTENBHBIX CAyYaliHbIX YNCEN C COXPaHEHUEM
MaTeEMaTUHECKOrO OXUAAHUS.

@ Onepauuu CNOXEHUS, BbIHUTAHUS, CYMMUPOBAHNS,
YMHOXEHUS, AesleHNs, N BO3BEAEHNS B CTENEHb BEPOSTHbIX
YNCEN UMEIOT PE3y/NbTAaTOM BEPOSITHbIE HUCAA. [0 >Xe 1 Ans
BEPOSATHbIX YPOBHEIN.

@ JTO CBOMCTBO NO3BOJASIET NErKO MOAUDULMPOBATL MPOrpaMMbl
AVHAMMNYECKOro MOAENPOBaHNS B NMPOrpamMMel
BEPOSATHOCTHOFO MOZENNPOBAHUS.

@ PaboTa ¢ BeposATHBIMM YMCAaAMU 1 YPOBHSIMU yNpoOLLAET
paboTy akcnepToB.
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