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Ôðåäåðèê Ó. Ëàí÷åñòåð

Îäèí èç îñíîâîïîëîæíèêîâ àâòîìîáèëåñòðîåíèÿ

â Àíãëèè è òåîðèè ïîëåòà ñàìîëåòà Ôðåäåðèê Ó. Ëàí÷åñòåð

(1868 � 1946), àíàëèçèðóÿ áèòâû Ïåðâîé ìèðîâîé âîéíû,

ïîñòðîèë ïðåäåëüíî ïðîñòóþ ñèñòåìó äèôôåðåíöèàëüíûõ

óðàâíåíèé, îïèñûâàþùèõ äèíàìèêó óìåíüøåíèÿ ÷èñëåííîñòè x

è y âîéñê äâóõ âîþþùèõ ñòîðîí:
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ẋ = −ky y ; ẏ = −kx x . (1)

Ýòî ëèíåéíàÿ ñèñòåìà óðàâíåíèé, èìåþùàÿ òî÷íîå ðåøåíèå

x = x0 ch
( t

τ

)
− y0

√
ky

kx
sh

( t

τ

)
;

y = y0 ch
( t

τ

)
− x0

√
kx

ky
sh

( t

τ

)
,

ãäå τ = 1/
√
kx ky . Åñëè â êàêîé-òî ìîìåíò t = t1 âîéñêà y

áóäóò ïîëíîñòüþ óíè÷òîæåíû y = 0:

th
( t1

τ

)
=

y0
√
ky

x0
√
kx

.

Äëÿ äîñòèæåíèÿ ïîáåäû âîéñêàìè x íåîáõîäèìî

kx x
2
0 > ky y

2
0 . (2)
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Ïðèìåð

x0 = 200; kx = 1; y0 = 100; ky = 3;
kx x

2
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Ìèðîâàÿ äèíàìèêà Äæ. Ôîððåñòåðà � 60-å ãîäû
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Ñòàòèñòè÷åñêîå ìîäåëèðîâàíèå

Ïðè ñîñòàâëåíèè ñåòåâûõ ãðàôèêîâ â ñòðîèòåëüñòâå äëÿ ó÷åòà

íåîïðåäåëåííîñòè íà÷àëà è îêîí÷àíèÿ ðàáîò èñïîëüçóþò

β-ðàñïðåäåëåíèå.
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Òåîðèÿ î÷åðåäåé

Êëàññè÷åñêàÿ òåîðèÿ î÷åðåäåé èñõîäèò èç âîçìîæíîñòè

î÷åðåäè èìåòü ëþáóþ äëèíó îò 0 äî ∞.

Ðàññìîòðåíèå ìàðêîâñêîãî ïðîöåññà ïåðåõîäîâ ìåæäó

óðîâíÿìè ïðèâîäèò ê ðàñïðåäåëåíèþ äëèí î÷åðåäè ïî Ïàñêàëþ

ñ ïàðàìåòðîì, îïðåäåëÿåìûì îòíîøåíèþ ñêîðîñòè ïðèõîäà

êëèåíòîâ q ê ñêîðîñòè îáñëóæèâàíèÿ r : γ = q/r :

pn = (1− γ) γn

ñ ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé

< n >=
γ

1− γ
; Dn =

γ

(1− γ)2
=< n > (< n > +1).
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Âåðîÿòíîå ÷èñëî ìû áóäåì ïðåäñòàâëÿòü òðîéêîé ÷èñåë:

[a, b, r ], ãäå ïåðâûå äâà ÷èñëà îïðåäåëÿþò âåëè÷èíû çíà÷åíèé

x1 < x2:

a =
x1 + x2

2
; b =

|x2 − x1|
2

> 0, (3)

à òðåòüå � âåðîÿòíîñòíûé ïàðàìåòð:

p(x1) =
1− r

2
; p(x2) =

1 + r

2
; −1 < r < 1. (4)

Ïåðâûå ñåìèèíâàðèàíòû ýòîãî ðàñïðåäåëåíèÿ

χB
1 ≡< x >B=

1− r

2
(a − b) +

1 + r

2
(a + b) = a + b r ;

χB
2 = DB

x = b2 (1− r2); (5)

χB
3 ≡ αB = −2 b3 r (1− r2).
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Àïïðîêñèìàöèÿ âåðîÿòíûìè ÷èñëàìè

Äîáèâàÿñü àïïðîêñèìàöèè âåðîÿòíûì ÷èñëîì íåêîòîðîãî

ðàñïðåäåëåíèÿ ñ ñîõðàíåíèåì çíà÷åíèé ïåðâûõ òðåõ

ñåìèèíâàðèàíòîâ, íóæíî ðåøèòü ñèñòåìó óðàâíåíèé:

a + b r =< x >; b2 (1− r2) = Dx ; −2 b3 r (1− r2) = αx ,

Ðåøàÿ ýòó ñèñòåìó, íàõîäèì çíà÷åíèÿ ïàðàìåòðîâ áèíàðíîãî

ðàñïðåäåëåíèÿ [a, b, r ], àïïðîêñèìèðóþùåãî èñõîäíîå:

k =
α

2D
; a = χ1 + k ; b =

√
k2 + D; r = −k

b
. (6)
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Ñëîæåíèå âåðîÿòíûõ ÷èñåë

Ïóñòü ê âåëè÷èíå x ïðåäñòàâëÿåìîé âåðîÿòíûì ÷èñëîì

[A, B, R] äîáàâëÿåòñÿ ñëó÷àéíàÿ âåëè÷èíà y , òàêæå

ïðåäñòàâëÿåìîé âåðîÿòíûì ÷èñëîì [a, b, p]. Ðåçóëüòèðóþùàÿ
âåëè÷èíà z = x + y ïðèíèìàåò ÷åòûðå çíà÷åíèÿ

z1 = A− B + a − b; z2 = A− B + a + b;

z3 = A + B + a − b; z4 = A + B + a + b

ñ âåðîÿòíîñòÿìè, ñîîòâåòñòâåííî,

(1− R) (1− r)

4
;

(1− R) (1 + r)

4
;

(1 + R) (1− r)

4
;

(1 + R) (1 + r)

4
.

Ïðåîáðàçîâàíèå ñèñòåìû èç ÷åòûðåõ ñëó÷àéíûõ ÷èñåë â

âåðîÿòíîå ÷èñëî (äâå ñëó÷àéíûõ âåëè÷èíû) ïðîâîäèòñÿ íà

îñíîâå ñîõðàíåíèÿ ïåðâûõ òðåõ ñåìèèíâàðèàíòîâ.
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Íóæíî âû÷èñëèòü òðè ìîìåíòà:

m1 = x1 p1 + x2 p2 + x3 p3 + x4 p4;

m2 = x21 p1 + x22 p2 + x23 p3 + x24 p4;

m3 = x31 p1 + x32 p2 + x33 p3 + x34 p4,

÷åðåç êîòîðûå âû÷èñëÿþòñÿ ñåìèèíâàðèàíòû:

χ1 = m1; χ2 = m2 −m2
1;

χ3 = m3 − 3m1m2 + 2m3
1.

×åðåç ñåìèèíâàðèàíòû âîçâðàùåòñÿ âåðîÿòíîå ÷èñëî.
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Áèíîìèàëüíîå ðàñïðåäåëåíèå

< x >= n (a+b r) = A+B R; Dx = n b2 (1− r2) = B2 (1−R2);

αx = −2 n b3 r (1− r2) = −2B3 R (1− R2).

Èç ýòîé ñèñòåìû íàõîäèì

B R = b r ; A = n a + (n − 1) b r ;
1− R2

R2 = n
1− r2

r2
,

îòêóäà

R =
r√

n − (n − 1) r2
; B = b

√
n − (n − 1) r2.

Â ñèììåòðè÷íîì ñëó÷àå (r = 0)

R = 0; A = n a; B = b
√
n.
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Âåðîÿòíûé óðîâåíü � ýòî áèíàðíàÿ ñèñòåìà, â êîòîðîé îäíî èç

÷èñåë ðàâíî íóëþ, à äðóãîå x ðåàëèçóåòñÿ ñ âåðîÿòíîñòüþ p.

Ïðåäñòàâëÿåòñÿ ïàðîé ÷èñåë [a, s], ãäå a � ìàòåìàòè÷åñêîå

îæèäàíèå, à (s a) =
√
D � íîðìà:

p = 1/(1 + s2); a = p x ; x =
a

p
; D = x p(1− p) = (a s)2.

Ïðè àïïðîêñèìèàöèè íåêîòîðîãî ðàñïðåäåëåíèÿ âåðîÿòíûì

óðîâíåì � ÷åðåç ìàòåìàòè÷åñêîå îæèäàíèå < x > è äèñïåðñèþ

Dx :

a =< x >, s =

√
Dx

a
.
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Ñëîæåíèå, óìíîæåíèå è âû÷èòàíèå

Ñëîæåíèå óðîâíåé [a, s] = [a1, s1], [a2, s2], a1 > 0 a2 > 0:

a = a1 + a2; s =
1

a

√
a21 s

2
1 + a22 s

2
2 .

Ñóììèðîâàíèå n îäèíàêîâûõ

zn = [n a, s
√
n].

Óìíîæåíèå

[a1, s1]× [a2, s2] = [a1 a2, s1 s2].

Âû÷èòàíèå (a > b p)

[a, s]− [b, r ] =

[
a − b

1 + s2
,

√
a2 s2 + b2 r2

a − b
1+s2

]
.
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Óðîâíåâàÿ àïïðîêñèìàöèÿ î÷åðåäè

Î÷åðåäü ïðåäñòàâëÿåòñÿ óðîâíåì x ñ âåðîÿòíîñòüþ p, à ñ

âåðîÿòíîñòüþ 1− p îíà èìååò íóëåâóþ äëèíó, òàê ÷òî

ìàòåìàòè÷åñêîå îæèäàíèå äëèíû a = x p. Çà íåêîòîðûé

èíòåðâàë âðåìåíè ñ âåðîÿòíîñòüþ q åå äëèíà ìîæåò

óâåëè÷èòüñÿ (íîâûé êëèåíò) îò çíà÷åíèÿ x äî âåëè÷èíû x + 1,

èìåþùåé âåðîÿòíîñòü p q è îò íóëåâîãî óðîâíÿ, ïðèíÿâ

çíà÷åíèå 1 ñ âåðîÿòíîñòüþ (1− p) q. Çà ýòîò æå èíòåðâàë îíà

ìîæåò ñ âåðîÿòíîñòüþ r óêîðîòèòüñÿ (êëèåíò îáñëóæåí), íî

òîëüêî îò âåðõíåãî óðîâíÿ, ïðèíÿâ çíà÷åíèå x − 1 ñ

âåðîÿòíîñòüþ p (1− q). È, íàêîíåö, ñ âåðîÿòíîñòüþ 1-q-r åå

äëèíà íå èçìåíèòñÿ, ñîõðàíèâ çíà÷åíèå x .
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0: 1-p x: p

1-q rq q
1-r-q

0 1 x-1 x x+1

Â êîíöå ïåðèîäà èìååòñÿ ïÿòü çíà÷åíèé ñ âåðîÿòíîñòÿìè
Çíà÷åíèå 0 1 x-1 x x+1

Âåðîÿòíîñòü (1-p)(1-q) (1-p)q p r p (1-q-r) p q
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x è p îïðåäåëÿþòñÿ èç óñëîâèÿ íåèçìåííîñòè, äëÿ ÷åãî äîëæíû

îñòàòüñÿ íåèçìåííûìè ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ.

< x >= q + p (x − r) = p x ;

m2 = q + 2 p q x + p (r − 2 r x + x2) = p x2.

Îòñþäà p = q/r , îòêóäà ñëåäóåò, ÷òî ñòàöèîíàðíîå ðåøåíèå

èìååòñÿ ëèøü ïðè q < r . Äàëåå íàõîäèì

x =
r

r − q
; a =

q

r − q
=

γ

1− γ
; γ =

q

r
.

Ìàòåìàòè÷åñêîå îæèäàíèå ñîâïàäàåò ñ òî÷íûì çíà÷åíèåì.

Äèñïåðñèÿ D = a îòëè÷àåòñÿ îò òî÷íîãî çíà÷åíèÿ D = a(a + 1)
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Ñòàòèñòè÷åñêàÿ Ëàí÷åñòåðñêàÿ äèíàìèêà

×èñëåííîñòü âîéñê îïðåäåëÿåì óðîâíÿìè [a1, s1] è [a2, s2].
Êîýôôèöèåíòû ýôôåêòèâíîñòè òàêæå ïðåäñòàâëÿþòñÿ

âåðîÿòíûìè óðîâíÿìè [k1, r1] è [k2, r2]. Ïðèìåð:
z1 = [100, 0.33];m1 = [0.1, 0.65];
z2 = [100, 0.33];m2 = [0.1, 1.53];
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Ïåðâàÿ àðìèÿ ïîáåæäàåò çà ñ÷åò ìåíüøåãî ðàçáðîñà â

ýôôåêòèâíîñòè (âåðõíÿÿ êðèâàÿ).
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Âîò ðåçóëüòàò ïîáåäû àðìèè ñ ìåíüøåé ÷èñëåííîñòüþ, íî

ëó÷øåé ýôôåêòèâíîñòüþ:

z1 = [200, 0.33];m1 = [0.1, 2];
z2 = [100, 0.33];m2 = [0.3, 0.5];
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Ïðè êðèòè÷åñêîì Ëàí÷åñòåðñêîì ñîîòíîøåíèè

k1 n
2
1 = k2 n

2
2

ïðè îäèíàêîâûõ ðàçáðîñàõ íàáëþäàåòñÿ äèíàìèêà Ëàí÷åñòåðà,

çàòÿíóòàÿ âî âðåìåíè:

z1 = [200, 0.1];m1 = [0.1, 0.1];
z2 = [100, 0.1];m2 = [0.4, 0.1];
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Ïðè Ëàí÷åñòåðñêîì ñîîòíîøåíèè ïîáåäà îïðåäåëÿåòñÿ

ìèíèìóìîì ðàçáðîñà ýôôåêòèâíîñòè:

z1 = [200, 0.1];m1 = [0.1, 0.3];
z2 = [100, 0.1];m2 = [0.4, 0.2];
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Âûâîäû

Âåðîÿòíûå ÷èñëà ìîäåëèðóþò ëþáîå ðàñïðåäåëåíèå,

ñîõðàíÿÿ ïåðâûõ òðè ñåìèèíâàðèàíòà.

Âåðîÿòíûå óðîâíè ìîäåëèðóþò ðâñïðåäåëåíèÿ

ïîëîæèòåëüíûõ ñëó÷àéíûõ ÷èñåë ñ ñîõðàíåíèåì

ìàòåìàòè÷åñêîãî îæèäàíèÿ.

Îïåðàöèè ñëîæåíèÿ, âû÷èòàíèÿ, ñóììèðîâàíèÿ,

óìíîæåíèÿ, äåëåíèÿ, è âîçâåäåíèÿ â ñòåïåíü âåðîÿòíûõ

÷èñåë èìåþò ðåçóëüòàòîì âåðîÿòíûå ÷èñëà. Òî æå è äëÿ

âåðîÿòíûõ óðîâíåé.

Ýòî ñâîéñòâî ïîçâîëÿåò ëåãêî ìîäèôèöèðîâàòü ïðîãðàììû

äèíàìè÷åñêîãî ìîäåëèðîâàíèÿ â ïðîãðàììû

âåðîÿòíîñòíîãî ìîäåëèðîâàíèÿ.

Ðàáîòà ñ âåðîÿòíûìè ÷èñëàìè è óðîâíÿìè óïðîùàåò

ðàáîòó ýêñïåðòîâ.
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