PasHomepHoe pacnpepeneHune
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PaBHoMepHoe pacnpepeneHune
[AunckpeTHble pacnpegeneHnsi BeposiTHoCcTeR BuHapHoe pacnpenenenune
BurHomunansHoe pacnpegeneHue
Pacnpegenenune lNyaccona
Pacnpepenerune Mackans

BunapHoe pacnpenenerue

BunapHoe pacnpegeneHve yncna k, npuHUMAalOLWEro BCero fAga
3HayeHns: 1 nnam 0 — ¢ BeposiTHOCTAMU p U 1 — p COOTBETCTBEHHO.
Mpounseogswias hyHKLNS CEMUMHBAPUAHTOB HAXOASTCS MPOCTO:

F(t) = pet'l—i-(l—p) 0 =pef+1—p; x(t) = In(pet+1—p),
a N3 Hee N CaMu CEMUMHBAPUAHTHI:

dx(®) _ __ pet P
dt pet+1—p p+(1—p

ye—t' X1 =< k>=p. (2)

2 . et
d d>§§t) _ (ppe(t]-+ 1,0) p)z; X2 = Dy = p(]_ = P) (3)




PaBHoMepHoe pacnpepeneHune
[AunckpeTHble pacnpegeneHnsi BeposiTHoCcTeR BunapHoe pacnpegenerve
BuHomunansHoe pacnpegenenve
Pacnpepenenune lNyaccona
Pacnpepenerune Mackans

BuHoMunansHoe pacnpegenerue

BuHomunansHoe pacnpegenenne yncna m, NPUHUMAIOLLETO
3HAYEHUS OT HYNsA O N MOXHO NPEACTaBUTb Kak CyMMy N
cnyyaliHbix yncen k, npuHMMatowmx Bcero aga 3Hadenus: 0 nan 1
C BEPOATHOCTSIMU 1 — p N p COOTBETCTBEHHO, MOLHUHSAIOLLMXCS
buHapHomy pacnpegenenunto (bMHOMManbHOMY pacnpegeneHue npu
n=1).

B 6buHoMunansHOM pacnpegeneHnn CKAagbiBaloTcs N HE3aBUCUMbIX
cnyyaliHbix Yncen k C OAMHAKOBLIMM XapaKTepucTUKaMm

m =" ; ki, TaK 4TO COOTBETCTBYIOLLNE CEMUNHBAPUAHTbI MPOCTO
YMHOXAOTCA Ha n:

<m>=n<k>=np;, Dn=nDx=np(l—p). (4)



PaBHoMepHoe pacnpepeneHune
JuckpeTHble pacnpegeneHns BeposiTHoOCTel BuHapHoe pacnpegenevune
BurHomMmunansHoe pacnpegeneHue
Pacnpegenenue lMNyaccona
Pacnpepenerune Mackans

Pacnpeaenenne [NlyaccoHa

SlBnsieTcs Npeaesom BUHOMMANBHOMO pacnpeneneHnst Npu N — oo C
3a4aHHbIM MAaTEMATUYECKNM OXUNOAHUEM <m>= M= np, TaK
4To npu 3Ttom p = p/n — 0. Ewe He pacnucas camoro
pacnpefenieHns, MOXHO 3anncaTb AUCMNEPCULIO:

Dm= lim  np(l—p)=p (5)

n—o0, p=p/n

[ncnepcusa coBnagaet ¢ MaTeMaTUHECKUM OXUAHNEM.
Camo pacnpegeneHmne LeOro 4Y1Mcna m, NPUHUMALOLLEFO 3HAYEHUS
OT Hyns A0 BeCKOHEYHOCTU, ONpeaenseTcs OAHONApaMeTpPUHECKIM
BbIpakeHueM (napamerp ):

n!

. _ um
Pm = | m 1= = #' 6
n—>ool,r:71:“/n m! (n — m)! p"(1=p) mt © (6)



[AunckpeTHble pacnpegeneHnsi BeposiTHoCcTeR

PaBHomepHoe pacnpepgeneHue
BunapHoe pacnpegenerve
BuHomMmunansHoe pacnpepeneHue

Pacnpegenenue lMNyaccona
Pacnpepenerune Mackans
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PaBHoMepHoe pacnpepeneHune
JuckpeTHble pacnpegeneHns BeposiTHoOCTel BuHapHoe pacnpegenevune
BurHomMmunansHoe pacnpegeneHue
Pacnpepenexune lNyaccoHna
Pacnpepenenune Mackans

Pacnpepenerne [lackans

Pacnpepenetne lNyaccoHa MOXET NMeTb MakCUMYM, pacnpegesieHmne
Mackans — Tak>ke BEPOSTHOCTb LIENIOFO YUCAA M OT Hyast Ao
BeckoHe4YHOCTM ¢ efuHCTBEHHBIM napameTpom v (0 < v < 1):

pm=(1—7)y" (8)

MOHOTOHHO ybbIBaeT ¢ pocTom m.
Ons v = 0.6 noctpoeH rpaduk:




PaBHomepHoe pacnpepgeneHue
[AunckpeTHble pacnpegeneHnsi BeposiTHoCcTeR BunapHoe pacnpegenerve
BuHomMmunansHoe pacnpepeneHue

Pacnpepenexune lNyaccoHna
Pacnpepenenune Mackans

Mpounseogsiwiasi pyHKUNS MOMEHTOB

(e} ; o0 1_
)= e"pn=(1-7) Y (re) =
k=0 k=0 ve

onpenenseT npOVIBBop,ﬂu.l,yro beHKLI,VII'O CEMUNHBAPNAHTOB!
dx =~ d’>x = qet

(O =h(=)=(=re) G =i G = e

OTKYAaQ HaxOoOATCA MAaTEMATUYHECKOE OXNAAHNE N ONCNEPCUA:
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PaBHomepHoe pacnpepenerune
Bera-pacnpegenenne

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnums HOpMabHbIX BENYNH
DKCnoHeHLmanbHoe pacnpeaeneHne
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

HenpepbiBHbIE pacnpeneneHnst BepossTHOCTENR

[Ins HenpepbIBHO pacnpeaenieHHbIX BEANYNH X ONpeaensaeTcs
BEPOATHOCTb NONajaHnst B BECKOHEYHO Manbili MHTEPBaa 3a4aHHOIA
BENINYUHBLI dX:

dp(x) = p(x) dx; p=>0. (9)

roe yHkums p(x) Ha3bIBAETCS MIOTHOCTbIO PAChpeneENeHns]
BEPOSITHOCTE.



PasHomepHoe pacnpepenexne
Beta-pacnpenenenve
HopmanesHoe pacnpepenexune

o NHTerpan owmnbok
HenpepbieHble pacnpeaeneHus BeposiTHocTel

Cynepnosnuusi HopMasbHbIX BEANYUH
DKcnoHeHUManbHoe pacnpegesieHne
Famma-pacnpepenenune

MHoromepHoe HopmasibHOe pacnpefeneHue

WNHTerpan B HEKOTOPOM MHTepBase

[ oaax= [ abto)

C TOYKWN 3pEHNA TEOPUN BepOﬂTHOCTeﬁ onpegenesaeT BEPOATHOCTb
HaxOXKAEHNs Cy4aliHol Benu4mMHbl B uHTepsane (a, b), a ¢ Toukn
3peHnst FEOMETPUN OMpPeAENsiET NIOLWAAb MO KPUBOMA MAOTHOCTU
BEPOSITHOCTU Ha ydacTke (a, b).

Ha Bcem nHTepBane U3MeHeHNs CAyHaliHOW BENNYMHBI 3Ta
BEPOATHOCTb paBHa eAMHNLE, a 3TO 3HAYUT, YTO MJOWAAb NOL BCel
KPUBOW MJIOTHOCTW BEPOSATHOCTW paBHa eAuMHULIE.

Ecnn NHTEpPBaN N3MEHEHWNA CJ'Iy‘-IaI7|HO|7I BENINHNHbI pa3desieH Ha n
4acTell, TO BEPOSITHOCTb NOMAZaHNs B Ty WM WHYIO HacCTb PaBHa
nJaowiagn nog KpuUeoi NAOTHOCTU BEPOSITHOCTU B 3TOW 4acTu.



PaBHomepHoe pacnpepeneHune
Bera-pacnpegenenune

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnums HOpMabHbIX BENYNH
DKCnoHeHLmanbHoe pacnpeaeneHne
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

PaBHoMepHOe pacnpeneneHue

HenpepbiBHas ciyvaiiHas BennYMHa X NPUHMMAET 3HAaYeHUs Ha
nutepsasie (a, b) paBHOBEPOSITHO: BEPOSITHOCTL MOMACTb B JIt0OOI
VHTEPBaN MeXJAy a U b nponopunoHanbHa BENMYMHE UHTEPBaa:
p(Ax) = ¢ Ax, a Tak KaK BEPOSITHOCTb MOMaAaHMs B
NPON3BOJIbHYIO TOYKY WHTEPBasia paBHa eAnHuLE

bia; dp(x) = biadx.

DTO pacnpefesnieHne UMeET 4Ba mapametpa a u b.

JInneitnbiM npeobpasosaHnem ntoboii nHtepsan (a, b) MoxeT bbITh
npueegeH k eguHunyHomy (0, 1) u pacnpegeneHne CTaHOBNTCS
CTaHgapTHbIM 6e3 napameTpos.

dp(x) =1-dx; p(x)=x; (10)
I

c(b—a)=1, c=



PaBHomepHoe pacnpepaeneHune
Beta-pacnpenenenne
HopmanesHoe pacnpepenexune

o NHTerpan owmnbok
HenpepbieHble pacnpeaeneHus BeposiTHocTel

Cynepnosnuusi HopMasbHbIX BEANYUH
DKcnoHeHUManbHoe pacnpegesieHne
Famma-pacnpepenenune

MHoromepHoe HopmasibHOe pacnpefeneHue

[1nOTHOCTL BEPOSITHOCTU Ha WHTEpPBaJsie OT HyNst A0 eAVNHULbI
MOCTOSIHHA W paBHa eAWHWLE, a CaMa BEPOSITHOCTb MOMajaHus B
MHTEepBaJl OT HyNs A0 X PacTeT JINHENHO, AOCTUrast 3Ha4YeHUs
MOJIHOW BEPOSITHOCTW efuHuLa npu x = 1:

f p

1
1.2
0.8
1
0.8 0.6
%6 0.4
0.4
0.2
0.2
X X
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1



PaBHomepHoe pacnpepenerune
Beta-pacnpegenerue

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnums HOpMabHbIX BESNYNH
DKCnoHeHLmanbHoe pacnpeaeneHne
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

Beta-pacnpesenerue

MepemeHHas x namensieTcst Ha unTepsane (0, 1) ¢
anbbepeHLManom BEpOSITHOCTY, ONPEENSIEMOM ABYMs
napameTtpamu o u 3:

_ M(a+p)
M(a)T(B)
Mopoxpaetcs (G- uHterpanom diinepa:

lxa—l AY: 2 () T(B)
/0 (=X Ma+p5)

B 4acTtHOoCTM, paBHOMepHOe pacnpegeneHne ABASIETCSA YaCTHLIM
cnyyaem beta - pacnpegenenusi c o = (5 = 1.

dp(x /a, 3) x*71 (1 — x)PLdx (11)



PaBHomepHoe pacnpepenerune
Beta-pacnpegenerue
HopmanbHoe pacnpegenetue
NHTerpan ownbok

HenpepeiBHble pacnpegenernsi BepossTHoCTeR C
YNepno3nunsi HOpMaJsibHbIX BEANYUNH
DKCnoHeHUManbHoe pacnpegesieHne
Famma-pacnpepenenune
MHoromepHoe HopmasibHOe pacnpeneneHve

Ha rpadomke npencraeneHo pacnpegenedune c « = 9, 5 = 6:

f MaTemaTunueckoe oxugaHune
2.5 . F(a+ﬁ) ! o B—1 _
1.2 <X>—W /0 X (1—X) dX—
L Ma+B)TMa+1)I(B) «
@@ T(a+8+1)  a+p
AHanornyvo
Mo+ B) Ma+2)T(B) a(a+1)

< X2 >= = )
Fa)F(B) TMa+6+2) (a+pB)(a+B+1)
OTKyAa Aucnepcus

ol (12)

D=<x*>>—<x>= :
P+ﬁﬁa+ﬁ+w




PaBHomepHoe pacnpepenerune
Beta-pacnpegenerune

HopmanbHoe pacnpegenetue

NHTerpan owmnbok

Cynepnosnums HOpManbHbIX BENYNH
DKCnoHeHumanbHoe pacnpeaeneHne
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

HopmanbHoe pacnpenenenue

DTO pacnpefesieHne HEMPEPLIBHON Cy4aliHOW BEINYMHBI Ha BCEi

BELLECTBEHHOI NPsIMOIA.
CraHgapTHoe HopMasibHOE pac-

npegeseHne He WNMeEET NapameT-
poB, MaTeMaTU4ecKoe OXuIaHue
PaBHO HYJIlO, a ANCNEPCUs — efun-
HuLe:

d 2
dp(§) = \/2% e 7.

X

1 2 3

JlnHeiinbiM npeobpasosannem £ = (x — 1)/ nonyyaercs
HOpMaJibHOe pacrpefesieHne C ABYMsl napameTpamMu: (L U O

N




PasHomepHoe pacnpepenexne
Beta-pacnpenenenne
HopmansHoe pacnpepenetve

o NHTerpan owmnbok
HenpepbieHble pacnpeaeneHus BeposiTHocTel

Cynepnosnuusi HopMasbHbIX BEANYUH
DKCnoHeHUManbHoe pacnpegesieHne
Famma-pacnpepenenune

MHoromepHoe HopmasibHOe pacnpeneneHve

Mpounseogsiwas yHKLMSE MOMEHTOB HOPMaJIbHOrO pacnpeaeneHus:

1 e _x=w)? 5 ¢
= [ g g

onpefensieT o4YeHb cneundnyecKkyo NPON3BOAALLYIO dYHKLMIO
CEMUNHBAPUAHTOB HOPMasbHOMO pacnpeaeneHuns:
2t 2

x(t)=tu+o S XA E<X>= L X2 = Dy = o°.
V HOpManbHOro pacnpegeneHusi oTJINYHbl OT HyNA TONbKO
nepBblii 1 BTOPOi CEMUNHBAPUAHTBI.
B 4acTHOCTW, CTaHAApPTHO HOPMaNbLHO pacnpefeneHHas ciaydailiHas
BE/IMYMHA UMEET HyJeBOE MaTEMAaTUYECKOE OXKUAAHNE 1
eAVHNYHYIO OUCNEPCUIO, a TaKXKE HyNeBble BCe BbICLINE
CEMUNHBAPUAHTBI.



PaBHomepHoe pacnpegenexne
Berta-pacnpegenenne

HopmanbHoe pacnpegenenne

NHTerpan ownbok

Cyl'lepI'IO3I/ILI|VIFI HOpMaJibHbIX BEANYUH
3KCI'IOHeHLI,I/IaJ'IbHOe pacnpeneneHne
Mamma-pacnpegenexne

MHOI’OMepHOe HOpMasibHOE€ pacnpeaeneHune

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

NHTerpan owwnbok

HopmanbHo pacnpegpeneHHas ciydaiiHasi BEIMHMHA NPUHUMAET
3HaYeHUst OT MUHYC Ao ntoc beckoneuHocTu. Mpu aTom
BCNIEACTBUE CUMMETPUM PACTpPeseNieHNsi BEPOSITHOCTb 3HA4EeHUs!
MEHBLLUErO MAaTEMATUYECKOrO OXMAAHUS [, paBHA POBHO 1/2, Takxe
KaK 1 BEPOSITHOCTb 3Ha4YeHnsi DOMbLUEro fi: TOYKA X = [ AennT
MIoWaAb Mo KPUBOU MIOTHOCTU HOPMAJILHOFO PacnpeAeseHmns
nomnosiam.

Mnowaab Nog KpUBOY CTaHAAPTHOrO HOPMAJILHOTO pacnpeneneHnst
Ha CUMMETPUYHOM y4yacTke (—Xx, X) ONpPefeNsieTcs MHTErpasiom
BeposiTHocTeli ®(7), HO YacTo B KHUrax NPUBOAUTCS UHTErpPas
ownbok — dyHkums erf(x):

erf(x) = = [ e dt = 20(v2 ). (13)




PaBHomepHoe pacnpegenexne
Berta-pacnpegenenne

HopmanbHoe pacnpegenenne

NHTerpan ownbok

Cyl'lepI'IO3VILI|VIFI HOpMaJibHbIX BEANYUH
3KCI'IOHeHLI,I/IaJ'IbHOe pacnpeneneHne
Mamma-pacnpegenexne

MHOI’OMepHOe HOpMasibHOE€ pacnpeaeneHune

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

1
0.5
. . : . x
[TonHas naowaab paBHa
o0 erf(oc) = 1. lpaduk yHk-
1 yum erf(x).
BepositTHocTb TOro, 4to cnyvaii- 5
Hasi BENNYMHA MEHbLUE 3a[4aHHOMO !
yncna a onpegensietca dyHkumel e
p(a) = (1 + erf(a))/2, npunuma- e
toweid 3HadeHnin 0 Ha mMuHyc bec- A
KoHeyHocTn n 1 Ha natoc becko- o2

HEYHOCTWN. -2 -1 1 2




PasHomepHoe pacnpepenexne
Beta-pacnpenenenve
HopmanesHoe pacnpepenexune

o NuTerpan owmnbok
HeﬂpephlBthE pacnpeneneHns BEPOATHOCTEN

Cynepnosnuusi HopMasbHbIX BEANYUH
DKcnoHeHUManbHoe pacnpegesieHne
Famma-pacnpepenenune

MHoromepHoe HopmasibHOe pacnpefeneHue

Victopuyeckn nepebiM BBEN HOpManbHoe pacnpeaeneHue Jlannac
(1749-1827) B 4yTb He CTaHAAPTHOM BUAE

KOTOpOE C BUAY NPOLLE, YEM CTaHAAPTHOE HOPMasbHOE
pacnpegenerune (?7) u noToMy A0 CUX MOP UCMOL3YETCS [LOBOJBHO
vacto. Ograko B pacnpegenerun Jlannaca gucnepcus pasHa 1/2,
TOrAa Kak B CTaH4APTHOM HOpManbHOM pacnpegeneHun (77),
BBegeHHOM [ayccom (1777-1855), gucnepcusi paBHa efuHULE, YTO
C TOYKM 3PEHUst TEOPUU BEPOATHOCTEN AenaeT pacnpeaencHme
laycca bosiee NpeanoYTUTENBHBIM.



PaBHomepHoe pacnpepenerune
Bera-pacnpegenenne

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnuns HOpManbHbIX BENYUH
DKCnoHeHumanbHoe pacnpeaeneHmne
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

Cynepno3|/| LUnA HOpMaJibHbIX BEJINHUH

MycTb nmeeTCsi N pasnnyHbIX (NN OAMHAKOBBIX) HOPMaJbHO
pacnpefeneHHbIX BENYUH X1, X2, ..., Xp C MAaTEMATUYHECKUMMU
OXKUAAHUAMMN Li1, U2, ..., [ N Bkucnepcuammn Dy, Do, ..., D,. Ux
Cynepno3numsi ¢ NOCTOSIHHLIMU KO3 DULMEHTAMMN a; N KOHCTAHTO
c:

Z=aixyt+taxp+---+apxp+c
SIBNSAETCA TAKXXE CYYaWHOW BENNYUHOW 1 NMEET BCE
CEMUVHBAPVAHTbI Bbille BTOPOro PaBHbIMMW HY/IO, TaK KaK OHU
pPaBHbl HYNO y BCEX COCTABMSAIOLLNX, TO ECTb TaKXe SIBASETCS
HOPMaJIbHO pacnpefeNeHHON cnyyaiiHoli BennymHoii. Ee
MaTeMaTUYeCKoe oXungaHme (NMHENHbIA CEMUMHBAPUAHT):

<z>=ajp1+ap2+- - +aplp+C,



PaBHomepHoe pacnpepenerune
Bera-pacnpegenenne

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnums HOpManbHbIX BENYNH
DKCnoHeHLmanbHoe pacnpeaeneHme
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

DKCMNOHEHUMANbHOE pacnpeseeHmne

HenpepbiBHas cnydyaiiHas BesiMYmMHa NpuHUMaeT ntobbie
nosoxuTenbHble 3HadeHnsi. CTaHgapTHOE N ¢ MacWwTabHbIM
napametpom k:
dp(€) = e Cd€; €=kx; x=E/k; dp(x /k) = ke K*dx.
(14)




PaBHomepHoe pacnpepenerune
Bera-pacnpegenenne

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnums HOpMabHbIX BENYNH
DKCnoHeHLmanbHoe pacnpeaeneHne
Famma-pacnpepenerune

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

[amMma-pacnpesenermne

Mopoxpaercs nHTerpanbHbiM nNpeactaBneHnemM -dyHkuun:

M) :/ e x> Ldx.
0

Cnyyaiinast Be/IMYMHA NPUHUMAET NitoDble MONOXKUTENBHbIE
3HAYeHUS C BEPOSTHOCTbIO

dp(x /o) =

e x*1dx.

M)
MpueepeH rpacuk ans o = 4:

f
0.2

0.15

0.1



PasHomepHoe pacnpepenexne
Beta-pacnpenenenve
HopmanesHoe pacnpepenexune

o NHTerpan owmnbok
HenpepbieHble pacnpeaeneHus BeposiTHocTel

Cyl'lepI'IO3VILI|VIFI HOpMaJibHbIX BEANYUH
3KCI'IOHeHLI,I/IaJ'IbHOe pacnpeneneHne
Famma-pacnpepenerune

MHOI’OMepHOe HOpMaJsibHOE€ pacnpeaeneHune

[lepeble gBa MOMeHTa:

1 o r 1
<x>:/ e*)<xadx:7(a+ ):a;
0

M(e) M(a)
Mo+ 2)
2
= = 1
<X > (o) ala+1)
ONpeaensitoT ANCNEPCHIo
Dy = a. (15)

He ctanpgapTHoe [-pacnpegenermne nonyvaercs mMacluTabHbIM
npeobpasoBaHnem x = k y C COOTBETCTBYIOLLMM U3MEHEHUNEM
MaTeMaTNHECKOrO OXXMAAHUS U SUCMePCUN:

a

dp(y /k,a) = 10

a
eyl <y >= X Dy =0



PaBHomepHoe pacnpepenerune
Bera-pacnpegenenne

HopmanbHoe pacnpegenetue

NHTerpan ownbok

Cynepnosnums HOpMabHbIX BENYNH
DKCnoHeHLmanbHoe pacnpeaeneHne
Famma-pacnpepenerne

MHoromepHoe HopmanbHoe pacnpegeneHue

HenpepeiBHble pacnpegenernsi BepossTHoCTeR

MHoromepHoe HopmasibHOe pacnpefeneHie

CoBMecTHOE pacnpefesieHne N HE3aBUCUMbIX CTaHAAPTHbIX

HOPMaJsbHbIX BeNnyuH &1, &, ..., &,
dp(&1,&2; - - -+ &n) = dp(&1) dp(&2) - - - dp(&n) =
1 n 12 ¢2 2
_ - —5 (&5 +E5++E7)
<\/ﬂ) e d& dé ... dE, (17)

JINHENHBIM npecbpasoBaHueM
n
&= a5 (x— ) (18)
j=1

NMPUBOANT K MHOrOMEPHOMY HOPMAaJibHOMY PacrpeREseHnto n
CNYyYalHbIX BEANYUNH X;:



PasHomepHoe pacnpepenexne
Beta-pacnpenenenve
HopmanesHoe pacnpepenexune

o NHTerpan owmnbok
HenpepbieHble pacnpeaeneHus BeposiTHocTel

Cynepnosnuusi HopMasbHbIX BEANYUH
DKcnoHeHUManbHoe pacnpegesieHne
Famma-pacnpeaenerne

MHoromepHoe HopmasnbHOe pacnpefeneHve

det(a;) e~ ¢

(V)

det(y/Kij)e € / 1
m (ej S K+ b:x:) dxdxo... dxs,  (19)
T n

dp(x1, X2, ..., Xn) = (efé 2 Kijxig+2 b"X"> dxy dxo ... dx, =

roe
Kij=Ki= asaj det(Ky) = (det(ay))*
s=1
. 1
b,' = Z,MSKSH C= E K,'j Wi - (20)
s=1

B pacnpegenennu (19) gBa cnoxHbIx napameTpa: CUMMETPUYHAs
n x n matpuua Kjj u n-sektop b;.



PasHomepHoe pacnpepenexne
Beta-pacnpenenenve
HopmanesHoe pacnpepenexune

o NHTerpan owmnbok
HenpepbieHble pacnpeaeneHus BeposiTHocTel

Cynepnosnuusi HopMasbHbIX BEANYUH
DKcnoHeHUManbHoe pacnpegesieHne
Famma-pacnpeaenerne

MHoromepHoe HopmasnbHOe pacnpefeneHve

Tak Kak MaTEMaTUYECKME OXKUAAHUS BCEX UCXOLHbIX CAyHaliHbIX
Benm4umnH & paBHbl Hynto, To u3 (18) cnepyer, 4to MaTemaTuyeckue
OXXUAAHNSA

n
< Xj >:,LL,'=ZL,'jbj,
=1
rae Lj — matpuua, obpaTHas maTpuue Kijj:

~. . [0 j#k
;K’JLJk_éf"_{l j=k

ITO KOBapuaLMoHHAs MaTpyLa, ONPeaensAoLlas MaTeMaTUYecKne
OXUNJAaHUs

< (i = pi) (x5 — 1) >= Lij. (21)
B HaCTHOCTWN, €€ AMNaroHaJ/ibHbl€ JIEMEHTbI ONPEAENAOT ANCNEPCUN

CﬂiHaVIHbIX BEJINYUNH xi-: < ixI— < Xi' >|2 >— LIii a



Pacnpegenenne Makcsenna

Pacnpepenexne P‘e;neﬂ
DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<

Pacnpegenernne CtbropeHTa

DyHKLMMN cnyYHaliHOW BENNYUHBI

MoxeT nameHnTbcs 0bnacTb onNpeaeneHnst Cay4aiHoON BENNYNHBI.
[ns HopManbHO pacnpefeneHHol BENMYUHBI X, MPUHAMAIOLLLEN
3HA4Y€HUA OT MNHYC [0 NJKOC 6eCKOHe‘-IHOCTVI, BEJINHNHA Yy — X2
anHmmaeT TOJIbKO MOJIOXKUTEJIbHbIE 3HAYEHWUSA, B KOTOpre ,anOT
BKJ1a[ KaK MOJIOXKUTEJIbHbIE, TAK N OTPULUATEJIbHbIE 3HAYEHNA X,
YTO JaeT B pacnpeAeseHnn y AONOJHUTENbHbIA MHOXNTENb 2:

dy

X =./y; dx:2ﬂ,

2 d 1 1/2-1
_ -y2 WY _ -y/2 (¥ Y
PO = o T s T T (3 4(3)

1o — [-pacnpepenetune ¢ a = 1/2. 3pecb yuTeHo, 4TO

Fili2i:ii7r.




Pacnpepenenne Makceenna

Pacnpepenexne P‘e;neﬂ
DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<

Pacnpegenernne CtbropgeHTa

Pacnpenenenne Makceenna

Kaxxgas 3 Tpex KOMMNOHEHT BEKTOpPa CKOPOCTU MONEKYbl UMeeT
HOPMaibHOE PaCMpPEeAENEHNE C HYIEBbIM MaTEMATNYECKUM
oXuaaHumeM 1 aucnepcueii D, nponopuunoHanbHOR TemnepaType,
TaK Y4TO BEPOSITHOCTb BEKTOPA CKOPOCTW C KOMMOHEHTaMM
(Vs vy, V2):
dp(ve, vy v2) = =
P\Vx, Vy, Vz) = (m)3

NHTerpupoeaHue BefeTcsi no TpEXMepHOMY obbeMy B
npocTpaHcTBe ckopocTeli. Ecnm Hac nHTepecyeT ToNbKO BenMYMHa
CKOPOCTM, HY>XHO BBECTU MOAYJb CKopocTh v. BekTopsl ¢
OAMNAHKOBbLIM 3HaYeHMeM v 0bpasytoT B MPOCTPAaHCTBE CKOPOCTE
ccbepy nnowagsto 4 v2, a cdepuyeckuii cioii ckopocTeit co

T

1 /2 2 2
e (Tt gy, dv, dv,



Pacnpepenenne Makceenna
Pacnpepenexne P‘e;neﬂ

DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<
Pacnpegenernne CtbropgeHTa

<v>

Hanbonee BeposiTHas CKOPOCTb OnNpeaensieTcs Aucnepcuei
D =k T/m, rge k — noctosivnasi Bonbumana, T — abcontotHast
TemnepaTypa W M — Macca MOJIEKYJIbI:

d v2 v 2
d\/(—zD‘l—zIn(V))——D—{—V—O, VO—\/2D.



Pacnpepenenne Makceenna
Pacnpepenexne Peneﬂ

DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<
Pacnpegenernne CtbropgeHTa

Ecnn seecTn Benmuuny y = v2/(2 D), To pacnpepeneHune ans y —
s7o [ - pacnpegenerue ¢ napamerpom 3/2:

by) = Fra 7 VI D

Ckopoctb v = /2Dy = vy ,/y, TaK YTO CpefiHAs CKOPOCTb
1 /OO Vo 2
e Yydy = = —y = 1.1
r(3/2) Jo r/2 vm
DTa CKOpOCTb TaKXXe yKazaHa Ha rpacuke u oHa bonbuie Hanbonee
BEPOSATHOIA.

<v>=y < Jy>=w

MaTemaTtuyeckoe oxugaxume v2
r/2) 3
2 2 2 2
VT S TGy T 2

ONpeReNnsieT CPEeaHEKBAAPATUYHYH CKOPOCTh



Pacnpegenenne Makcsenna

Pacnpepnenexne Peneﬂ
DyHKUUM cyHaiiHOW BENNYUHBI Pacnpepenerne x<

Pacnpegenernne CtbropeHTa

Pacnpenenenne Penes

Pacnpegenerune Penes nogobHo pacnpepeneHuto Makceenna, HO He
A1 BEKTOPA B TPEXMEPHOM MPOCTPAHCTBE, a AJi BEKTOpa Ha
nnockoctu. Kak u y Makceensia Kaxgasi KOMMOHEHTa
pacnpefesieHa HOPMaJibHO C HYJIEBbIM MaTeEMaTUYECKUM
oXxugaHuem u gucnepcuein D:
1

dp(v, vy) = W

Mepexoas K Mogynto, MaOLWaAb B NPOCTPAHCTBE CKOPOCTel BO/M3N
mMogynisi v paBHa 27 v dv, Tak 4TO

e~ (%Y v) dv,, dvy.

2

G — % 5 (23)



Pacnpegenenne Makcsenna
Pacnpepnenexne Pgneﬂ

DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<
Pacnpegenernne CtbropeHTa

B okpecTHOCTW Hynsl NNOTHOCTL NIHEHA MO CKOPOCTW, B TO BPEMS
Kak B pacnpegeneHun Makceenna KBagpaTuyHa.
[ns senuuunnbl y = v2/(2 D) 310 [-pacnpepenerue ¢ nokasatenem
1:

dp(y) = eV dy.
Haunbonee BeposiTHasi CKOPOCTb OMPEAENSIETCS N3 YCIIOBMS
MaKCMMyMa Jlorapudma naoTHOCTI BEPOSITHOCTH

d v2 v 1
oy (——i—ln(v)) ——54-;—0, vo = V/D.

Tak kKak v = /2Dy = vy 1/2 y BbIHUCNSETCA CPELHSIA CKOPOCTh

3
<v>=+V2y <\f)’>:\ﬁV0r(2):\/ZV0%1'25VO'

CpegHuii KBagpaT CKOPOCTM



Pacnpegenenne Makcsenna

Pacnpegnenernne Penes
DyHKUUN cyYaliHON BENNYUHBI Pacnpepgenenuve Xz

Pacnpegenernne CtbropeHTa

Pacnpegenenne x?

Pacnpegenerunsi Penesi 1 Makceenna dakTudeckn siBnsrorcs
YacTHbIM caydaem (npu n = 2, 3) bonee obuwero pacnpegenequs,
Ha3blBAaeMoro x> C NapaMeTpoM N — YUCIO KOMMOHEHT C
HOPMaJIbHbIM pacnpeAesieHneM U oanHakoBoii aucnepcueid D. Tak
Kak MaclTabHoe npeobpasosatue (ymeHblueHne B VD pas)
NPUBOAUNT K CJIYYHAWHOI BENNYUHE C €AMHNYHOI Aucnepcueii, To
[I0CTaTO4HO PacCMOTPEThb TOLKO CTaHAapTHOE X2 pacnpegeneHue
c n creneHsimu ceobogbl. MpaBga, B oTAMYMe OT pacrnpeneneHuii
Penesa n Makceenna, B X2 - pacnpegeneHnn Ciyy4aHoW Benn4nHom
SIBNISIETCSI HE MOAY/b N - MEPHOrO BEKTOPA X C MOAYJIEM X, A €ro
KBagpaT:

n



Pacnpegenenne Makcsenna
Pacnpegnenernne Penes

DyHKUUN cyYaliHON BENNYUHBI Pacnpepgenenuve xz
Pacnpegenernne CtbropeHTa

B n-mepHom npoctpaHcTBe Mogynb r (a cnegoBaTensHo U u)
noctosiHeH Ha (n — 1) - mepHoii ccpepe ¢ (n — 1) - MepHbIM
obbemom Q,_1 r" 1, a cdbepuueckuii cioii ot r go r + dr umeet n
- MepHbIl 0bbem

du
dV, = Q, 1r" Ydr=0Q, ;ur1/2__
a r = 2/u’

TaK 4YTO pacnpepeneHne no u:
dp(x?) = dp(u) = N~ te /22 L du; N7 = N71Q, /2.
(24)
HopMupoBOYHbI MHOXUTENb BLIYUCANM U3 YCI0BUS HOPMUPOBKM
BEPOATHOCTU:
(0.)
N = / e 2y du = 2721 (D),
0 2
TaK YTO HOPMUPOBAHHOE pacrnpeneneHne NpeacTaBAEHO



Pacnpegenenne Makcsenna
Pacnpegnenernne Penes

DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenune x
Pacnpegenernne CtbropeHTa

Ha rpadukax nokasanbl pacnpegenenus npu n =2, 4, 8 (rge
Kakoe?):

MaTemaTnueckoe oxugaHue
1 /OO —u/2 n/2 _ 2n/2+1 r(g + 1) _ s N
e uedy=————-2 " —_9_
on/2 r(g) Q on/2 r(g) 2

AHanornyHo, BTOpoli MOMEHT

<u>= =n.



Pacnpegenenne Makcsenna

Pacnpepenexne P‘e;neﬂ
DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<

Pacnpepenenue CreiogenTa

Pacnpenenerne CtbtogeHTa

Mo Crbtogenty (Bunbsm lNoccet, 1876-1937) ¢ m ctenensimu
cBobogbl pacnpefeneHa BeAUYMHa

X0
S = ,
O+ 58+ 4 x2)/m
roe xo, X1, - - -, Xm — HOPMANbHO pacrnpefesieHHble BENNYUHbI C

HYJIEBbIM MAaTEMAaTUYECKUM OXULAHUEM U OAWHAKOBOIA
ancnepcureit. Tak Kak 3TO OTHOLUEHWE OT SUCTMEPCUM HE 3aBUCUT, TO
MpY BbIYUCAEHNIN pacnpeaeneHns GUCNEPCUIO MOXHO noJjaraTb
paBHOW eAnHULIE:

m+1
dp(X07X17 s va) = <\/;77T) <e_%(Xg+(X12+W+X'2"))) dXO Xm PN de.

S




Pacnpegenenne Makcsenna
Pacnpegenernne Penes
>

DyHKUUN cyYaliHON BENNYUHBI Pacnpegenenve x<
Pacnpepenenue CreiogenTa

CrangapTHoe pacnpegenernne CTbrogeHTa:
1 () ds
VEm T8 (1, o7
(1+;)

dpm(S) = (26)

Ha rpacuke pacnpegenenne CrbtogeHta ¢ 3-Ms cTeneHsmu
cBObOAbI MPUBELEHO B CPABHEHUW CO CTAaHAAPTHLIM HOPMaJbHbLIM
pacnpeaeneHnem:




	  
	 
	 
	 
	 
	 

	  
	 
	-
	 
	 
	  
	 
	-
	  

	  
	  
	 
	 
	 2
	 


