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6 1 BEPOSATHOCTHBIE [IPOCTPAHCTBA

Yacts 1

Teopusa BeposiTHOCTEI

1 BepodaTHOCTHBIE IPOCTPAHCTBA

1.1 PasHoBepogTHBIE COOBITHS

e 2 cOOBITHSI: OPEJT — PEIKa, JIOOUT — He JTIOOUT, OBITh — UK HE OBITD.
e 6 coObrTmit: uncia 1 — 6 HA UTrPAIHHONM KOCTH.
e 36 UrpayIbHBIX KapT.

e 19 cTyneHTOB.

I'maBHAsT XapaKTEPUCTUKA 1 — YUCTIO COOBITHIL.
BepodaTHOCTD KaxKI0r0 COOBITHS B 9THX MPUMEPAX OJMHAKOBA

1

Di = —.
n

CyMmMapHast BEPOSATHOCTD

. 1
Z;pi:nﬁ:L (1)

Bompoc: kakoBa BEpOATHOCTD BBIIAICHUS €IMHUIIBI HA UTPATBHON KO-
CTU B BUJIE

e Terpasupa’
e mKocadyapa’

e joneKa’apa’



2 CJioxKHBIE COOBITUA

Bpocaercs cpa3y aBe moneThl. CKOJBKO MOXKET BBITACTH OPJIOBT
0, 1, 2. Tpu cobbrrusi. Kakosbr ux Bepositaoctu? I’ Anambep B “On-
mukJoneun” (1751 — 1780, 35 Tomos) — 1/3.
KakoBa BeposATHOCTD, BBIH/IsT U3 JOMA, BCTPETUTH JTUHO3ABPAT
Otrser: 1/2 — wiu BeTpedy uju HE BCTPEY.
Cobvimus mo2ym 6bimd U HE PAGHOBEPOATNHHLMU.

2.1 VYMHOX>XKeHUe BEPOATHOCTEH
Nrak — gBe MOHETBI, YeThIPe PABHOBEPOSITHBIX COOBITHSI:
® OpeJl — Oper;
® OpeJl — PeIKa;
® DeIKa — Ope;
® DEIKa — pelIKa.

ITouemy werwsipe? I[IpocTpaHCTBO COOBITHIL /IJIsT TBYX MOHET €CTh Nps-
Moe mpouseederue MPOCTPAHCTB KAXKI0M MOHETHI: KaXKIOMY COOBITHIO
MEePBOIl MOHETHI COOTBETCTBYIOT /1BA, COOBITHST BTOPOIA.

ng =n1 Xny; 2x2=4.

Bce cobbiTust paBHOBEPOATHBI. BepoaTHOCTS JTI000i BHIOPAHHOM MaphI
(naupumep, pelika — opeJl) paBHa
1 1 11

Pro= — =~
n2

4:2'2:pr‘po~

OTO COOTHOIICHUE MEXKIY BEPOATHOCTAMU OTACIBHBIX CMamucmu4e-
CKU HEe3AB8UCUMDBLL COOBITHI 1 BEPOATHOCTBIO COBMECTHOI'O UX IMOABJICHUA
Ha3bIBaCTCA meopeMoﬁ 06 YMHONCEHUUY eepo.ﬂmHocmeﬂ:

Pab = Pa * Pb- (2)
CKOJIBKO COOBITHIT B MPOCTPAHCTBE TPEX MOHET?

n3:n2-n1:n1~n1~n1:2><2><2:23=8,



8 3 AKCHOMBI BEPOSITHOCTEN

(a ne 2 x3=06).
CKOJIBKO COOBITHII B TPOCTPAHCTBAX

® IBYX MI'DAJIbHBIX KOCTEH?
® MOHETHI U WTPAJIbHOM KOCTHU?

® JBYX UTPAJIbHBIX KOCTEH M TPEX MOHET?!

2.2 CioxkeHue BepodTHOCTE

Kakosa BepogTHOCTb U3 KO/IOAbI B 36 KaPT BLITAIIUATH JIOOYIO ITHKOBYIO
Kapry?

BeposTaocTs Ji06oit kapThl — 1/36, nukoBbix kapr — 9. B mmoorce-
cmee Beex 36-u KapT MUKOBBIE KAPThI 00PA3YIOT NOJMHOHNCECME0 U3 Jie-
BATH KApPT.

BeposiTHOCTH 1TONIACTh B MMOIMHOYKECTBO PABHA CYMME BEPOATIHOCTILEY
9JIEMEHTOB, COCTABJSIONIAX 3TO MOAMHOKECTBO:

S a0kt
p‘ii:1p‘17 3674'

MozkHO 3Ty npobiieMy pelmnTh W APYIUM IIyTEM: HMEETCs YeThIPe
PABHOBEPOATHBIE MACTH, 3HAYUT BEPOATHOCTD KaK/I0i1 U3 HUX pasHa 1/4.

KakoBa BepOATHOCTH M3 KOJOAB! B 36 KAPT BHITAIIUTD JaMy’

Bcero pam — uernipe: pp =4 x 1/36 = 1/9.

KakoBa BEpOSTHOCTH U3 KOJO/BI B 36 KapT BBHITAIUTEH MHKOBYIO Ja-
My?

1 1 1
PaD =Pa -PD = 179 36

XOTA OTBET OYEBHIECH, TaK KaK OHa — €IWHCTBEHHAA B KOJIOIE.

3 AKcuombl BEpOATHOCTE

Pamee MbI cTapToBam OT PAaBHOBEPOSATHBIX cOObITHIT. Temepb MOXKHO
OTOUTH OT 3TOr0 OrPAHUYECHUS.



e Beposmmuocmmuoe npocmpancmeo A — 310 IPOCTPAHCTBO COObITUI
a;, 1 <i<mn, tmen— wucro cobvimuli, KaXKIOMY 3JIEMEHTY KOTO-
pOro a; TIIPUIIUCAHA 6EPOATMHOCTG D .

e Bepoammuocms cOOBITHS p; — 9TO HeoTpurareabHoe ducao 0 < p; <
1

)

[ ] BepOHTHOCTI/I BCeX 3JIEMEHTOB MHOXKECTBa MOJYUHAIOTCA Yycaoeuro
HOPMUDPOGKU:
n
E pi =L (3)
im1

B aByx mpeapiaymux naparpadax Mbl 03HAKOMUIUCH C IBYMs OCHOB-
HBIMHU ONEPAUSAMHI C TPOCTPAHCTBAMU COOBITHI U BEPOATHOCTIMHU:

e TIpsimoe mpoussenenne npocrpancTs cobuituit C = A ® B. Yuc-
JIO 3JIEMEHTORB TPSIMOTO MTPOU3BEICHUS PABHO MITPU3BEICHUIO YHCET
9JIEMEHTOB COCTABJIAIONINX TPOCTPAHCTB: No = N4 - Np. Bepodr-
HOCTB COBMECTHOT'O MOSIBJIEHUS TTAPHI HE3aBUCUMBIX COOBITUI PABHO
nPou3eedenur0 BEPOATHOCTEN KazxKI0r0 U3 COOBITUH Doy = Pq * Pb-

e Bruinenenne moaMHOXKECTBa MPOCTPAHCTBA COOBITHH B OIHO COOBI-
Tre. BeposaTHOCTD MOIaJaHus B 9TO IIOAMHOXKECTBO PABHA, CYMME
BEPOATHOCTEH BCEX 3JIEMEHTOB, BbIJIEJIEHHBIX B JIAHHOE IIOJAMHOXKE-
CTBO.

OTH omepanuu SBJSIOTCA OCHOBHBIMU B MOCTPOEHUU ITPOCTPAHCTB
CJIOYKHBIX COOBITHII M3 HEKOTOPBIX MEPBOHAYAIBHBIX C 33 JAHHBIMU Be-
POSATHOCTAMMU.

CdopmynupyeM OCHOBHYIO 3a/a4y T€OPHUU BEePOSTHOCTEN:

Boraucsienne BeposiTHOCTEN CIOXKHBIX COOBITUI 1O 33/ IaHHBIM
BEPOSITHOCTSIM 3JIEMEHTAPHBIX COOBITHIA.

4 IIpumepsr

Teneps j1erK0 OTBETUTH, HAIIPUMED, HA BOIIPOC:
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KAKOBa BEPOATHOCTD BbIIAJAECHHA OJHOIO OpJia M OJHON PelIKd IIpu
BBIOpachIBAaHUN ABYX MOHeT? TTOIMHOMKECTBO peIeHwii CONep’KUT IBa
cobbrtust: (0, p) u (p, 0), BEPOATHOCTh KayKJI0ro 1/4, mosToMy MCKOMast
BepoATHOCTH pasHa 1/2. Tlpu Gpocanmy AByX MOHET BO3SMOXKHBI 9€THIDE
KOMOMHAIMHU, IPUBOJAIINE K TPEM 3HAYCHUAM YHUCIIA OPJIOB Ny

e (p,p):no=0;pg=1/4.
b (p7 O) (07 p) No = 1v b1 = 1/2
e (0,0): n,=2; pp =1/4.

KakoBa BepOSTHOCTD BBINAJEHUS OJHOIO OPJIA U JBYX PELIeK IPU
BBIOPACHIBAHUU TPEX MOHET?

1\* 3
ni3 =3 (2) =3

TaK KaK 3TOT OpeJl MOXKeT BbIIACTh KaK Ha IIEPBOH, TaK U HA BTOPOU U/1u
TpeTheil MOHeTe.

4.1 DBwuHOMMasIbHOE pacmpeeieHue

Crapryer or buHapH020 PACHIPEIEJICHN: IIPOCTPAHCTBO COOBITUH U3 JIBYX
3JIEMEHTOB, KOTOPbIE aDCTPAKTHO MOYKHO NMEHOBATh + U -. BepogTHOCTh
Ioca — p — BemecTBerHoe uucao or 0 10 1, BEpOATHOCTH MUHYCA, —
(1 —p). Ilpu 6pocaruu n MOHET IPOCTPAHCTBO COOBITHUI — 3TO N - Kpar-
HOE Tpou3Be/ieHre OMHAPHOIO MPOCTPAHCTBA CAMOTO HA Ce0s C YUCIOM
3JIeMeHTOB 2".

B kazk10it peanmsannuy Cpeay 1 COCTABIAIONIAX SJIEMEHTAPHBIX COObI-
THUH BBITIQIAET 1M ILIFOCOB U OCTAJIBHBIE 1L — 1M — MUHYCHI. Takum oOpa3om
TTOPOXKIAETCST HOBOE BEPOSITHOCTHOE MPOCTPAHCTBO, MPOCTPAHCTBO CJIy-
9aifHOrO YUCJIA 1M, TPUHUMAIOIIErO 3HAYEHUS OT HYJs /10 N.

Eciu B Kakoii-T0 peasu3anuu BblIAIO M WIIOCOB (1 1L — 1 MUHYCOB),
0 TeopemMe 00 YMHOKEHUN BEPOSTHOCTEH BEPOSITHOCTH TAKOTO COOBITHS
pasaa p™ (1 — p)"~ ™ HeE3aBUCHMO OT TOPSJKA BBIMAJEHUS TJIIOCOB W
MuHyCcOB. HO m TIIOCOB MOXKET BBITACTh B PA3HBIX KOMOWHAIUAX, Ha-
npuMep,:

(+——++-), (—+—4+—4),...



4.2 IlonunHOMHAJIBHOE PACIIPEIEICHUE 11

Yucsio Takux KOMOUMHAIMI — [IOJIHOE YUCJIO IEPECTaHOBOK, JAEJIeHHOEe Ha,
YHCJI0 IEPECTAHOBOK B TIJIIOCAX M YUCJIO TIEPECTAHOBOK B MUHYCAX:

n!
Nm=—"
" ml(n—m)!

BeposiTHOCTH COBBITHI € OMHAKOBBIM M 0AuHAKOBBI p™ (1 — p)™~ ™, TaKk
YTO BEPOATHOCTH YUC/Ia 1M (BBIIAJIEHU 1M IJIIOCOB [IPU 7 UCIIBITAHUSAX )

paBHa
n!
J S — L T L 4
" = ? (1-p) (4)
IIpu p = 0.7, n = 8 310 pacupesesenue npejcTaBieHo Ha rpaduke

p

Teopus sToro pacmpenenerus ObLia mocTpoera flkobom Beprymmn
(1654-1705) u mepenko umenyercs pacnpedeaenuem Bepruyanu.

Takum 006pa3oM N IKIEMILIIPOB OMHAPHOTO TPOCTPAHCTBA ¢ 2™ 3J1e-
MEHTOB TIPUBEJIN K MPOCTPAHCTBY COOBITHH U3 7 + 1 3JIEMEHTOB — 3HA-
YeHUI YHCIAa M — ¢ HEPABHOMEDPHBIM PACHPEIETIeHNEeM BEepPOsITHOCTEH,
orpeesseMbix Hopmysioii (4).

4.2 IlonmHOMUMaJbHOE pacHupeaeJeHue

Kak 6unoMuannHOE pacmpeesieHne MOpOXKIAETCS MHOTOKPATHBIM TIPSsi-
MBIM TIPOU3BEJEHUEM (MHOIOKDPATHON BBIOGOPKOI) BEPOSITHOCTHOTO MTPO-
CTPAHCTBA C IBYMS COCTOSTHUSIMH, TAK MHOTOKPATHAs BHIOOPKA W3 MPO-
CTPAHCTBA C | COCTOAHUSAMY U BEPOATHOCTAMU D1, P2, . - ., P IPUA yCIOBUU
-1 pi = 1 nopoxaaeT noauromuasvbroe pacnpedenenue.
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IMocae n-kpaTHO# BBIGOPKYU Peanu3anun i-X COCTOAHu (my, . .., my);
> m; = n ONPENENSIOTCS BEPOSTHOCTSMI TTOTMHOMUAIBHOTO PACTIPe/ie-

JICHUS: |
n!
P(7”17m27“-7ml) =

™ i e
mllmg!...ml!pl b2=e- b (5)

5 Coayqaiiable 9mucyia

Ecuu ciydaiinpiv cOObITHEM SIBJISETCS 3HAYEHUE KAKOIO-TO ducia (Ha-
[pUMEp, ), MOTYIIEro IMPUHAMATE 7 PA3JIMIHBIX 3HAYCHUN B KAKOM-TO
muOKecTBe (245 1 <4 < n) ¢ 3aaHHBIMYU UM BHIYUCIEHHBIMU BEPOSITHO-
CTSIMHA P;, TO TaKO€ BEPOATHOCTHOE MPOCTPAHCTBO HA3BIBAETCS CAYUQTl-
HOLM YUCAOM AU CAYHATUHOT 8EAUNUHOU.

Yucmaa MOXKHO CKJIAIbIBATH, BHIYUTATH, YMHOXKATH W JETUTH U 3TO
TIPUBOJIUT K BO3MOXKHOCTH OMNpENEeTATh Ha BEPOATHOCTHBIX TPOCTPAH-
CTBAX HEKOTOpbIE YHMCJIOBBbIE XaPAKTEPUCTUKH ITUX ITPOCTPAHCTB.

5.1 MaremaTn4deckoe OXKHuJaHue

Bazkneitmeit 9ucI0BO# XapaKTePUCTHKON CIyIaHHON BETMINHBI ABIAET-
CA €€ MAMEMATNUYECKOE 09fCUIGHUE:

<x>= Zilizpz (6)
=1

3Hadvenne MaTeMaTuIecKOro OXKHNJAaHHUA JICZKUT MEXKAY MUHHMAaJIbHBIM U
MaKCHUMaJIbHBIM 3HAYCHUAMUN CJIy‘{ELfIHOfI BEJINYUHBI.

Tmin S <z > S Tmax-

IIpu MHOrOKpATHOI BHIOOPKE CIIyYaHOrO YUCIA MATEMATHIECKOE OXKM-
JaHue < T > OLEHUBAaeT CpeJHee 3HaYeHWE B MHOXKECTBE peajin3aliyii.

MoykHO onpenennTh HYHKINIO CIy9IaitHoNl BenmnauHbl f(2) N BBIUMC-
JINTH MATEMATHIECKOE OKUIAHNE ITOM (DYHKIUN:

< f(z) >= Z f () pi. (7)



5.2 Jlucriepcust 13

Hanpumep, maremarndeckoe OKUIaHHE KOHCTAHTHI PABHO CAMOI KOH-
CTaHTE < ¢ >= C.
Maremarudeckoe OKuJaHNe JUHEHHONH dyHKINN:

<Azx+B>=A<ax>+B.

MaremaTudeckoe OxKuTaHAEe PA3HOCTH CIy4aifHON BeTHYUHEL C ee Ma-
TEMATHYECKAM OXKUJaHHEM (KOHCTAHTOI) BCEr/a PABHO HYJIIO:

<(z—<z>)>=<z>—-<z>=0. (8)

Maremarudeckoe OxKUJIAHUE CYMMbL JBYX CMAMUCMUYECKY HE306U-
CUMBLT CITy9aAHBIX BEJIMYUH PABHO CyMME€ X MATEMATHYCCKUX OXKHUIA-
HUH.

<zxty>=<zr>+<y>.

MaremaTndeckoe OKUIAHNE CIYIARHON BETMINHBI WK ee (DYHKITNN

HE €CThb CJIydJaiHas BEeJIMIUHA — 9TO OJHO3HAYHAA KOHCTAHTA, OIMpPEIed-

eMad JOMyCTUMbIMU 3HAYECHUAMN CJ'[y‘IafIHOfI BEJIMYUHBI 1 UX BEPOATHO-
CTAMMU.

5.2 Jucnepcusa

OrieHKyY BEpOSITHOCTH OTKJIOHEHUsI CJIy9aifHON BEJIMYUHBI OT €e MaTeMa-
THYECKOTO OKUJAHUS €T JUCnepcus;:

D,=<(r—<z>)?>=<2’-2r<z>+<z>>= (9)

<z?>—<z>2>0.

ucnepcust paBHA HYJIIO TOJIHKO y KOHCTAHTBI — B CJIydae, €CIu s
BCex cOObITHIl CiydaiiHas BeJUMYUMHA OJHA U Ta Ke (HALPUMED, HA BCEX
IPaHAX WIPAJBLHOrO KyOWKa HAMUCAHO OJHO MW TO K€ 4ucio). Bo Bcex
PEATIbHBIX CJIyYasdX JIMCIIePCHs TOJOKUTETHHA.

5.3 MomMeHTBI

Hucnepcust B mocseaaeit Gopmysie BIYUCISETC I€PE3 MATEMATHIECKOE
OXHUJAHUE KBAIPaTa W MEPBOi CTENeHH Caydaiinoil Beanunabl. Marema-
TUYIECKOE OXKHUIAHUE [-if CTEeMeHu CAydaiiHOW BeJIUYNHBI HA3BIBAETCS [-M
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MOMEHTNOM: .
mp =< 2! >= Z(xi)lpi. (10)
i=1

OrmeTrnM, 9TO BO BCE BBEJIEHHBIE OMPEIE/IEHUsT CAMYU BEPOSTHOCTU BXO-
JAT JIMHEHHO.

MoMmeHTBI — /11T HEKOTOPBIX AHAJUTHYECKUX PACIPEIeTICHUH Cpasy
BCE — MOT'YT OBITH ONPEJEJIEHBI Y€pPe3 NPou3eoiauyt0 PyrHKyu0 MOMeH-
moe:

n oo g l
tx tx; l d
F(t) =<e™>= E erpi=) s m=| F(t)|t=0- (11)
i=1 =0 "~

JlokazkuTe, 9T0 BTOPOl MOMEHT OOJIBIIE KBAIPATa IIEPBOLO.

5.4 CeMumHBapUAHTHI

Hawnbomee cuibHBIM ammapaToM TEOPUU BEPOSITHOCTH SBISAIOTCS CeMU-

UHBAPUAGHMDL, TECHO CBA3AHHBIE ¢ MOMeHTaMu. [IponsBoadriass dyHKITMT

CEMUUHBAPHUAHTOB €CTh JIOTapudM TPOU3BOAAIIEH (DYHKITUH MOMEHTOB:
2 th

X(t):ln(F(t)):tX1+5X2+...+HXk+..., (12)

a K03 DUTMEHTHI Pa3I0KeHNsT ee B pa, Teiopa mo cTemneHsM mapamMer-
pat u ABAAIOTCS CEMUMHBAPUAHTAMU:

w=(2) ol (13

5.4.1 CsoiicTBa cEeMUNHBAapPUAHTOB

e HyseBoii ceMunHBapuaHT PAaBEH HYJIIO, IEPBBI — MATEMATHIECKOE
OXKUJaHUe CIyYalHOU BEJIMYMHBI, & BTOPOI — ee JUucCrepcud.

o Jli0060it ceMunHBapUAHT CyMMbI JBYX HE3ABUCUMBIX CJIy4alHbIX Be-
JIMYUH paBeH CyMMe COOTBETCTBYIOIINX CEMUMHBAPUAHTOB CJIarae-
MBIX:

Flapy) (1) = D> ") pryppy) - = Fiag(8) - Fly) (1);
i=1 j—1
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Xja+y) (1) = In(Flapy) (t)) = In(Flg) () - Flyp () = Xy (£) + X1y (2)-
Orcrona Benencrsue (13)

Xz+ulp = Xlelp T Xyl (14)

CoOOTBETCTBYIOIINE CEMUMHBAPUAHTHI TIPU CJIOKEHWH CJIyIalHBIX
BEJINYUH CKJIQIBIBAIOTCH.

B wacTtHOCTH, ducnepcus cymmos HE3ABUCUMBL CAYUAUHOLL GEAU-
YUH PasHa cymme ux ducnepcuti. ITO HETPUBUAIHHO, TAK KAK JTUC-
rnepcud — KBaJIpaTudHasdg CTPYKTypa.

e [Ipu macmrabHOM TTPEOOPA3OBAHUN

<et O = VT S0 () = X (M) Xpal, = A X,

(15
k-#i ceMUMHBApHAHT YMHOXKAETCS HAa MACINTAOHBI MHOXKHUTETH B
k-1 crenernn. B wacTHOCTH, AUCHEpCus YMHOMXKAETCSA HA KBAJIPaT

MacIrada.

Tperuii ceMunHBapUaHT X3 HA3BIBAIOT acumMmempueli, TAK KAK OH
pPaBeH HYJIIO JJI paCIpeiesieHnil, CHMMETPUIHBIX OTHOCUTETHHO MaTe-
MaTHUYEeCKOTO OKHUIAHUA, a YeTBEPTHIN X4 HA3BIBAIOT IKCUECCOM.

6 JIuckpeTHbIe pacnpeaesieHnsd BEPOSITHOCTEM

MpbI mpuBeIeM OCHOBHBIE XapAKTEPUCTUKN PSIIa PACTIPEIeTEHT CITydaii-
HBIX BEJIMYUH — B 9TOM Pa3Jiesie — JUCKPETHBIX, & B CJIEAYIOIIeM — Hellpe-
PBIBHBIX.

6.1 PaBmomepHOe pacmpeaejeHue

Pasrnomeproe pacupezesnenue ONuChIBAET N PABHOBEPOSITHBIX COOBITHIA:

1
k=1,2,....,n; pr=—.
n
Maremarudeckoe OKUJIaHUE U JIUCIHEPCUst:
n+1 (n?—1)
k>= ;o D= ———. 16
<k>=—— Dy B (16)



16 6 JUCKPETHHIE PACIIPE/IE/IEHISI BEPOSITHOCTEH

s BBIYHUCJIEHUS JUCIEPCUX IIOJIE3HO BCIIOMHUTH HEKOTOpbIE (DOp-
MYJIBI CYMM:

zn:k n—|—1 Xn:k (k+1) n(n+1)(n+2).

k=1 k=1
Taxk Kax MO>KHO npeacTaBUThb

k(k+1) N (k—1)k z”:kQ n(n+1)(2n + 1)

k* =
2 2

TO MATEMATHIECKOE OXKUIAHUE k2

OTKYy/da BBIYUCJIUM JUCIEPCUTIO:

(n+1)@2n+1) (n—|—1)2 n? -1

D= 2 _ 2: _
<k*>-—-<k> 5 5 12

Borancimre MareMaTwdeckoe OXUIAHWE W JTUCIEPCUIO g CIydaiHOM
BEJINYWHBI, OMPEIEISIEMO OOBITHON UTPATBHON KOCTHIO.

6.2 DBwunapnHoOe pacnpeaejieHue

Bunapnoe pacnpeenenue quciia k, TPUHAMAIOIIETO BCErO IBA 3HAYEHUSI:
1 winu 0 — c BepoaTHOCTSIME P U 1 — p coorBercrBeHHO. [IponsBossmas
bYHKIINS CEMUMHBAPUAHTOB HAXOISTCS TTPOCTO:

Ft)=pe' +(1—p)e"® =pe' +1—p; x(t) =In(pe’ +1—p),
a U3 HEee U CaMUu CeMI/II/IHBapI/IaHTH:

dx(t) _ pet p -
dt pet+1—p p+(l—p)et’ !
Pxt)  pl-pe

=<k >=p. (17)
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6.3 DunHOoMmaabHOE pacupenesieHue

Bunomuanbaoe pacupenesnenue (4) duciaa m, IPUHAMAIONIErO 3HAYEHUS
OT HyJs JI0 . MOXKHO TIPEJICTABUTH KAK CyMMY N CIy9ailHbIX uucesn k,
NPUHUMAIOMIKAX BCero jsa 3nadenud: 0 mwim 1 ¢ BepodarHocTaMu 1 — p u
D COOTBETCTBEHHO, MOAYUHSIONUXCA OUHAPHOMY PACIPEIEIeHUIO (OUHO-
MUAJILHOMY pacipejeserne npu n = 1).

B OuHOMHAJIBLHOM pACIpEIeIEHUNA CKJIAIBIBAIOTCA 7 HE3aBHCHMbIX
Cy9YalHBIX 9UCeT k ¢ OMHAKOBBIME XapPAKTEPUCTUKAME 1M = » " 1 ki,

1=

TaK 9TO COOTBETCTBYIOIINE CEMUUHBAPUAHTHI TPOCTO YMHOXKAIOTCA Ha N:

<m>=n <k>=np;, Dp=nD,=np(l—p). (19)

6.4 Pacupenenenmne Ilyaccona

dABnsercsa npemesom OMHOMHATBHOIO PACIPEIETIEHUS IPU 1 — 00 C 3a-
JAHHBIM MAaTEeMATTUYECKHM OXKHJAHUEeM < M >= (i = N P, TaK 9TO IPHU
srom p = p/n — 0. Ewe ne pacuucas camoro pacupejesieHus, MOXKHO
3anncaTh JUCIEPCHIO:

D,, = lim np(l—p) = pu. (20)

n—o00, p=p/n

Jlucnepcus COBIAIaeT ¢ MATEMATUYECKUM OXKUTAHUEM.

CaMo pacmpezesieHne 1ejIoro THCIa 17, TPHHUMAIONIErO 3HAMECHUS OT
HyJIs1 10 GECKOHEYHOCTH, OIPEIENISIeTCsT OHOIIAPAMETPUIECKIM BBIPAsKe-
Huem (mapamerp f):

n! _ um
P, = li —— " (1 —p)"T" = — e, 21
! naool,r]?:p‘/n m! (n — m)' p ( p) m! © ( )

IIpu p = 5 ero upexacrasisier rpaduk:
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0.175 o o
0.125
0.1 °

0.075

0. 025

[Ipoussonsias GyHKIUS MOMEHTOB

> m
F(ty=er Y emt o = emmuene’ = ue'=1)
m=0 m:

OTIPeIeIsieT MPOU3BOASINY0 (DYHKIINIO CEMUMHBAPUAHTOB

t
X(t) = F(t) = p(e” —1). (22)
Orcroma BUIHO, 9YTO BCE CEMUMHBAPUAHTHI, & HE TOJBKO MEPBBIA U BTO-
pOii, OIUHAKOBBI M PABHBI L.

6.5 Pacnpenenenne Ilackansa

Pacnpenenenne [Iyaccona MoxkeT nMeTh MakKcuMyM, pacrpeaenenne [lac-
KaJIs — TAK»Ke BEPOATHOCTH IIEJIOTO YUCJIA 1M OT HYJIsA 10 OECKOHEYHOCTH
¢ exuHCTBEHHBIM napamerpom v (0 < v < 1):

pm=1=7)7" (23)
MOHOTOHHO YOBIBAET C POCTOM M.
Ins v = 0.6 mocTpoen rpaduk:

p
0. 4

0.35
0.3
0.25 .
0.2
0.15 .
0.1
0.05 .
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IIpousBosgmas pyHKIES MOMEHTOB

F(t)=) e pn=01-7) D (ve") = 7
k=0 k=0 ve

OIIpesieisieT MPOU3BOALAIINYI0 (DYHKIIUIO CEMUMHBAPUAHTOB:

dx v . & ye

t) =In(l —~) —In(1 — et; = L=
x(t) =7 -In(l—ve); — p L TR P B
OTKY/Ia HAXOJATCHI MATEMATUYECKOE OXKHIAHUE U JIUCIEePCHUs CJIYYAMHOIO
LeJIoro 4ucia k:

~y

<k>=-——; D=
1—7

o
(1 =)

Bwmecro dopManmbHOro mapaMerpa y MOXKHO BBECTH TapaMeTrp fi —
MaTeMaTHIecKoe OKuaanre (Kak U B pacapenenenuu ITyaccona 0 < p <
00). Torza

gl 17
<k>=pu= ; = ;
a 1—7 7 pw+1
1 8l
l—y=—— Dp=——=p(u+1),
Y= g p(p+1)

a caMo pacipeesieHre BEPOSITHOCTU YHuCIa k MPEICTABIIETCA B BUJIE

ik

SRSV

Pacupenenenue Ilackans spnasercsa 6a30BbIM B meopuu ouepedet.

6.6 Step-pacnpenesenue

BeposiTHOCTS cABMTA TIO TMETOYNCTIEHHON TEMOYKe Ha OJUH TIar BIIEpe
paBHa p, Ha OJAWH IIar HA3aJ — ¢ W BEPOATHOCTH OCTATHCA Ha MeCTe
1—p—gq. EcrectBenno, p+ q < 1. CnydJaitHasi BeIn9nHa, TIPUHAMAET TPH
3HadeHud mp = —1, mg = 0, m3z = 1 ¢ BepodaTHOCTSIME @, 1 — p — @q, p
COOTBETCTBEHHO.
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IIpousBonsmas pyHKIES MOMEHTOB
Fity=e g+ Q-p—q)+e p=1tp(e'—1)+qle " ~1)
OTIPEJIETIAET MTPOU3BOIAILYT0 (DYHKIUIO CEMUUHBAPUAHTOB
x@) =In(1+pe—1)+qe " —1)).

Paznoxenne ee B psa Mo cTemeHsAM t ONpeesisieT CEMUMHBAPUAHTHI, B
YaCTHOCTH, MaTeMaTH4YeCKOe OKHUJaHue U JIUCIePCUIO:

<m>=p-q; Dp=p+q—(p—q)* (24)

6.7 MultiStep-pacupenejsernue

Ecnu npoBoauTcs n eMHWYHBIX IIAroB €O step-pacmpeeseHneM, TO B
pe3y/bTaTe MOABJIAeTCH CABUI B IOJIOKHUTEJIbHOM HJIM OTPUIATETHBHOM
HAIIpaBJIeHUHU Ha Benmmauny k, roe —n < k < n.

SBHDI BUJ pacrpeieieHus BEPOATHOCTH CAYYIANHON BEJTUINHBI k

n!
P — L k+1 1—p— n—2l—k
Kb Zl:n G2 mie? 7P =9)

maso nosiesed. OJHAKO, MATEMATUYeCKOe OxuJaHue u aucuepcus (u
JIDYTHE CEMUMHBAPUAHTDI) BHIYUC/SIOTCSA JIETKO: OHU PABHBI CEMUWHBA-
puaHTaM step-pacrpejesieHus, yMHOXKEHHBIM Ha N

<m>=n(p-q); Dn=n@+q—(p—q)?). (25)

7 HenpepbiBHBIE pacIipejieJieHUsd BepPOATHO-
crein

Jlna HenmpepbIBHO pacIpeeIeHHBIX BEJIWYUH T OTpPEIessieTcs BepOsiT-
HOCTH TIOMAJAHNSA B OECKOHETHO MAJIBI WHTEPBAJ 3aJAHHOW BEJIUIHHBI

dx:
dp(z) = p(x)dx;  p = 0. (26)

rze dbyHkims p(2) HA3BIBAETCH NAOMHOCTLIO PACTHPEIEAEHUS BEPOATIHO-
cmeti.
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WNurerpasn B HEKOTOPOM HMHTEPBAJIE

/a ") da = / " an()

C TOYKHU 3PEHMs TeOPUU BePOATHOCTeH olpejesedeT BePOATHOCTb HAaXO-
JKIEHUST CIIy9IaifHON BeJIWYWHBI B WHTepBajie (a, b), a ¢ TOYKH 3pEHUs
TEOMETPHUU ONpeJesdaeT IJIOMALb MO KPUBOH MJIOTHOCTH BEPOATHOCTH
Ha yuacrke (a, b).

Ha Bcem uHTEpBajie M3MEHEHHs CJIyYARHONW BETUYMHBI 3Ta BEPOAT-
HOCTb paBHa €JMHUIE, & TO 3HAYUT, YTO ILUIOWAAb IIOJ BCell KpUBOM
IVIOTHOCTY BEPOATHOCTU PABHA €JUHULE.

Ecnn naTepBaT M3MEHEHNS CIyYIaiHON BeJIMYNHBI pa3/eseH Ha N da-
CTell, TO BEPOATHOCTD IONAJAHAA B Ty WU UHYIO 9aCTh PaBHA IJIOMAIN
0o KPUBOH MJIOTHOCTHA BEPOATHOCTH B ITOIN HaCTH.

B muOromepuoMm citydae (n nepeMeHHbIX) OlIPEIessercs BEPOATHOCTh
LIOIIA/IAHKS B N-MePHbIH 00beM:

dp(x1,2a,...,2,) = p(x1,T2,...,2,) dr1das . .. d2y.

7.1 PaBuomepHoe pacrpenejieHUue

HenpepuiBHad caydaiiHaa BeIWYWHA X MPUHUMAET 3HAYCHUA HA WHTEP-
Basie (a, b) PABHOBEPOATHO: BEPOATHOCTH TOMACTb B JIHO0ON HHTEPBAJI
MeXIy a W b MPOMOPIMOHATBHA Benmmanue mHTepBana: p(Ar) = cAx,
a Tak KaK BEPOATHOCTD IIONaJ/IaHUs B IIPOU3BOJLHYIO TOYKY MHTEpBAJa
paBHA eIUHKULE

bia; dp(z) = ! dz.

b—a
DTO pacrpeiesienne NMeeT 1Ba mapameTrpa a u b.
JIunefinbiM mpeobpaszoBanueM 060 uHTEpBas (G, b) MOXKeT OLITH
npuseziet K enuanaaomy (0, 1) u pacupepesieHue CTaHOBUTCS CMaHOAPM-
HbLM OE3 TTapaMeTpPOoB.

clb—a)=1; c=

dp(z) = 1-dz; p(z)=uw; (27)

ILnorHOCTH BEPOATHOCTHU Ha MHTEPBAJIE OT HYJ/IAd 10 €IUHHUIIBI IIOCTOAHHA
1 paBHa €IWHHUIIE, a CaMa BEPOATHOCTDH IIOIIaJaHUA B MHTEPBaJI OT HYJIA
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J0 T pacTer JUHENHO, JJOCTUTAS 3HAYEHU [IOJTHON BEPOATHOCTHU €IUHUIIA
mpu x = 1:

f p

N A O ® RPN

°© o o 0o

7.2 DBera-pacnpeaejenue

ITepemennas x usmensiercs na unrepsase (0, 1) ¢ auddepenimanom Be-
POSAITHOCTH, OIIPEJIE/IAeMOM JABYMs IapaMeTpaMu o u (3:

r
bl 0 5) = g o (L2 da (28)
[Mopoxkmaercs (G- uarerpanom Jitnepa:

11,0471 _ )8t I_F(Q)F(B)
/0 = =10 s

B gactHOCTH, paBHOMEDPHOE PaCIpefeeHne SIBISeTCA YaCTHBIM CJIy-
qaem Oera - pacupenenedus ¢ o = 3 = 1.
Ha rpaduke nmpeacrasneno pacnpenenenne ¢ « = 9, = 6:

f

[ L I B )

Maremarunueckoe 0XKugaHmne

_TPla+p) [ . g
<x>—W/O (1 —z)tde =
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Ia+B) T(a+1)T(B) a

L(@)T(B) T(a+B+1)  a+p’

Ananoruuno

2 _ I'(a+ ) T(a+2)T(8) _ ala+1)
La)TB) Ta++2) (a+p)(a+p+1)

OTKY/1a JUCIePCUsd

<x

af
(a+pB)2(a+B+1)

D=<2a2?2>—<z>2=
C pocroMm mapamMerpoB « U [3 IUCHEPCHs yMEHbIITAeTCs.

7.3 HopmanbHOe pacrpeaeeHne

Hopwmanbuoe pacmpezesenne sBisieTcs HAnOOJI€E WCIOTb3yEMbIM B Ma-
TEMATUIECKON CTATHCTHKE BCIEICTBUE UeHMPAAbHol npedeavholi meo-
pemai (CcM. gasiee).

D10 pacmpejiesieHe HEMPEPbIBHOM CIIyIaifHON BETUYIMHBI HA BCEi Be-
MECTBEHHOM psiMoii. Cmandapmmoe HopmasvHoe pacnpedesenue He nvme-
eT [1apaMerpoB, MareMaTUu4ecKoe OXKU/IaHUe PABHO HYJIIO, & JIUCIEPCUsd

— eIMHUIIEC:
dx 2

dp(x) = e 2. 30

bla) = = (30)

X

1 2 3

JInneitHbIM TTpeoOpa30BAHNEM MOJIYYAETCS HOPMAIBHO PACIPe/IeIeH-
Has BeJIMYWHA C ABYMS TTapaMeTpaMu: [t U O

dx _@-w?
dple/.0) = e (31)
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IIpakTrdecku BCs MJIOMAAbL MO, KPUBOH CTAHIAPTHOIO PACIIPE/eie-
HUA JEXKWUT B wHTEpBase (—3, +3), a /I HeCTAHJAPTHOTO PACTIPEIEITe-
Hug B unrepsase (p — 3o, p+ 30).

IIpoussonsmias HpyHKIMSA MOMEHTOB HOPMAJIBLHOTO PACIPEIETCHNS:

o0 z—p)? 2
Ft)= ——— [ o5 qp=etite’ S
Varo
— 00

OIpesieNIsfaeT OYeHDb CIernuduIecKy0 TPOU3BOAAIILYI0 (DYHKIHIO CeMUMH-
BapUaHTOB HOPMAJIbHOI'O PACIIPEIE/ICHNS:
t2
27 . _ — _ — 42
X(t) =tp+o’ 55 xi=<z>=p5xo =Dy =0 (32)
Y HopMaJIbHOTO pachnpeejeHus OTJINYHBbI OT HYJIS TOJIBKO
HePBBIA M BTOPOil ceMIMHBapUaHThI.
B wactHOCTH, CTAaHZAPTHO HOPMAJIHLHO PACIPEIE/IeHHAS CJIydaiHast
BEJIMYMHA UMEET HYJIEBOE MATEMATHIECKOE OXKWIAHNE U €IUHUIHYIO JTUC-
MEPCHUIO, & TAKXKEe HYJIEBbIE BCE BBHICIINE CEMUMHBAPUAHTHI.

7.4 MWurerpana ommuboK

HopmanbHo pacnpejenennas ciydaiiHas BeJMYMHA OPUHUMAET 3Hade-
HUSL OT MUHYC JI0 ILIOC GeckoneuHocru. IIpu 9ToM BCeACTBUe CUMMeT-
PHUM pacOpeIeeHns BepOATHOCTh 3HAYEHUS MEHBINEr0 MATeMATHIeCKO-
TO OXKWIAHWS [/ PABHA POBHO 1/2, TaKyKe KAK W BEPOATHOCTH 3HATCHUS
OOJIBIIETO f1: TOYKA, T = {4 JEJUT ILJIOMAAb MO KPUBOi ILIOTHOCTH HOP-
MAaJILHOI'O paclpe/ie/eHKs MOI0JIaM.

ITiomanp 10, KpUBOH CTaHJIapPTHOIO HOPMAaJIbHOIO Paclipejlie/ieHust
HA CHMMETPUIHOM Y9ACTKE (—T, T) ONPENIENACTC UHMEZPAAOM GEPOAT-
nocmed ®(n) (cMm. crp. 39), HO YACTO B KHUIaX TPHBOINUTCS UHINEZPAA
owubox — dyukims erf(x):

erf(z) = %/e‘t2 dt =2®(V2x). (33)
0

IMonnas nnomwaas pasua erf(co) = 1. I'paduk dyukuuu erf(x):
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BepositHOCTB TOTO, 4TO CitydaifHast BeIHIrHa MEHbIIIE 3a1aHHOIO YUC-
na a onpepensierca Gynknueit p(a) = (1+4erf(a))/2, npuanmarormeii 3ua-
gennit 0 Ha MUHYC OECKOHEYHOCTH U 1 HA TIIIOC OECKOHEYHOCTH:

Hcropuvecku nepsbiM BBEI HOpMaJIbHOE pactpenesenne Jlammac (1749-
1827) B 4yTh HE CTAHIAPTHOM BUJIE

KOTOPOE € BHJLy MPOIIE, 9eM CTaHJAPTHOE HOPMAJIbHOE PACHPEIeIeHIe
(30) m moTOMYy IO CHX MOP WCHONB3YEeTCsa JOBOJBHO 4acTo. OgHako B
pacnpezenennn Jlamiaca qucrepcrst papHa 1/2, Torma Kak B CTaHAAPT-
HOM HOpMaJibHOM pacupesesenuu (30), BBegernnom Layccom (1777-1855),
JAUCTIEpCUs PaBHA €JIWHUIE, I9TO C TOYKHA 3PEHUS] TEOPUHU BEPOATHOCTEM
Jenaer pacmpeaesienne [aycca 6osiee IpeanoITHTENbHBIM.
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7.5 JImueiiHas cynepno3uiiid HOPMAaJbHO pacupene-
JIEHHBIX BEJNYINH

ITycrs umeercs n pa3iu9HbIX (MM OJUHAKOBBIX) HOPMAJIbHO DACIIPE-
JICTIEHHBIX BEJUYUH X1, Lo, ..., Ly C MATEMATHYCCKUMU OXKUIAHUAMU
1, 2y ...y Wp w1 eucnepcusymu Dy, Do, ..., D,. Ix cynepno3urus c
MOCTOSHHBIMA KO3 DUIIUEHTAMA (; ¥ KOHCTAHTOH C:

Zz=a1x1+a2x2+...+apx, +c¢

ABJIACTCA TaKzKe CIy4aiHON BEJIMYMHONU M MMeeT BCe CEeMUWHBAPUAHTBI
BBITIIEe BTOPOTO PABHBIMU HYJIIO, TAK KaK OHU PABHBI HYJIIO ¥ BCEX COCTAB-
JAOIIAX, TO €CTh TAKXKe ABJIAETCA HOPMAJIBHO PACIIPEIETICHHON Citydaii-
HOit Benmunuoil. Ee Maremarnueckoe oxkuganne (JIMHEHHBIH CeMUMHBA-
pUAHT):

<z>=app +ag s+ ...+ an iy + ¢,

a gucrepcusi (KBAAPATUIHDIH CEMUTHBAPUAHT ):
2 2 2
D,=a7D1+a5Ds+...+a;, D,

BCeTrJa MOJOXKUTEJIbHA. PaCHpe,ELeJIeHI/Ie 3TOM BEJIMYUHBI, CJIETOBATEIHLHO,

1 _z=<z>)?

- S g
oD, N

DTO OUEHDb BAXKHBIN PE3YJIbTAT: JUHEHHAS DYHKIINST HOPMAIHHO PAC-
TIpe/ieJIeHHbIX BEJIMYMH eCTh HOPMAJIbHO paclpe/ie/ieHHasd caydaiiHaa Be-
JIMYUHA.

dp(z)

7.6 DKCOOHEHIUAJIBbHOE paclpe/esieHue

HemnpepoiBras ciiydaiiHas BeTHIHHA TPUHAMAET JTIOOBIE TIOJI0KUTETHHBIE
snadenusi. CranmapTHOe U ¢ MaciTabHbIM TapamMeTpom k:

dp(6) = e % d&; E=ka; x=¢/k; dp(a k) =ke " dr.  (34)
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X

0.5 1 1.5 2 2.5 3

IIpoussongmas GpyHKIMS MOMEHTOB

F(t)—/ooe*k”“kda:— ! —1+£+ﬁ+ ;
- —pr b gt

1 9 2 9 9 2 1 1
SEPTR ST T DTS v st g e T

DKCIOHEHIUATBHOE PACIIPE/IETIEHAE HEPEIKO NUMEIOT HHTEPBAJIbI MEK-
/1y HE3aBUCUMbBIMU COOBITUSMU.

7.7 T'amma-pacnpezesieHue

[Topokmaercst mHTErpaIbHBIM TTpeacTaBIeHneM [-dyHKInn:

F(a):/ e T .
0

Cﬂy‘{aﬁHaH BeJIMYWHA IPUHHUMaAET JIIOOBIE TTOJIOYKUTEJILHBIE 3HAYCHU ST
C BEPOATHOCTBIO

dp(z /o) = I‘(la) e Tz . (35)

[Mpusenen rpaduk s a = 4:
f
0.2

0.15
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Ilepsbie aBa MOMeHTA:

L[ g = )
<xT>= —— e x%der = ———F =q;
I'(e) Jo I'()
Ia+2)
2
S Sl e 1
<zt > (o) a(a+1)
OIIPEJIENSAIOT JUCIEPCHUTO
D, =qa. (36)

He cranmaprroe I'-pacnpenenenue mogydaeTcs MacIIiTabHbIM Tpeod-
pa3oBanueM xr = k y C COOTBETCTBYIOIIIUM U3MEHEHHEM MATEMAaTUIEeCKOTO
OKUJIAHUA U JIUCIEPCUU:

a o o
dp(y/k,a)=r(a)e’“yy ! dy; <y>=4i Dy=5 (37

7.8 MmuoromepHoe HOpMaJbHOE pacupeaesieHne

CoBMecTHOE pacrpe/ieieHne 1 He3aBUCUMbIX CTAHIAPTHBIX HOPMAJIbHBIX
Benuand &1, &2, .., &n

dp(&1,62,---,&n) = dp(&1) dp(&2) - .. dp(§n) =

1 " 1 2 2 2
—3 (T +&++E5)
e 2\e1Te2 ) déydés ... dE, 38
( o ) &1 d&2 3 (38)

JITHEHHBIM [TPe0Opa30BAHIEM
n
&= ai (& —py) (39)
j=1

MPUBOJIUT K MHOZ0MEPHOMY HOPMANLHOMY PACTPEIEAEHUIO T CITY TATHBIX
BEJIMYHH T;:

det(a;; -¢ 1 S o
o) = SIDEE (o Dt D) .., -

det(y/K;;) e ©
det(y/Ry)e™” (e_% > Kigwizg+) bizi) dzydzs ... dz,, (40)
(v2m)n/2
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rie
n
Kij = Kji = Zais Qjs; det(K,'j) = (det(aij))Q;
s=1

n

1
b, = ZusKsi; C= 5 Kij i . (41)

s=1

B pacupesesnenun (40) aBa CI02KHbBIX IIApAMETPA: CUMMETPUYHAS 10 X
n marpuna K;; n n-sexrop b;.

Tak KakK MaTeMaTUIeCKue OXKUIAHUS BCEX MCXOIHBIX CIYUANHBIX Be-
JuuH & paBHBL HYJIIO, TO u3 (39) ciemyer, 4TO MaTEMATUIECKUE OXKHU-
JAHAA

n
< x; >= i = ZL” bj,
j=1

rne L;; — marpuna, obparaas marpune Kjj;:

—~ . . . [0 j#Ek
JZ_:IK”LJ’C_‘SJ’“_{l j=k

DTO KOBAPUAUUOHHAA MATNPULA, OLIPEAEIIIONIAS MATEMATHIECKUE 0K K-
JAHUS

< (@i — pi)(@; — pj) >= Lyj. (42)

B wactrOCTH, €e qAuaroHaJ bHBIE 3JIEMEHTHI ONMPEIEITIOT JUCTEPCUAN CITY-
YaWHBIX BEJUYUH T;: < (xi— < x; >)2 >= [L;;, a HeIMaroHaJbHbIE —
KOPPEAAUUIO MEXK/Ty PA3IUIHBIMUA II€PEMEHHBIMU.

8 ®dDyHKNUM CIaydaiiHON BeJINYUNHbBI

Mozker u3amenuTbCs 00J1aCTb OLPE/IEIEHUS CJIy YAWHON BeJIMIMHbI.

8.1 Ksagpar HOpMaJIbHOI BEJIMYUHBI

151 HOpMAJIBPHO PACIIPEIETIEHHON BEJTMIUHBI T, TPUHUMATOIIEH 3HAYCHW S
OT MHHYC JI0 ILTIOC GECKOHEeYHOCTH, BeJIMUUHA i = 22 IPUHUMAET TOJIBKO
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[1OJIO?KUTEJIbHbIE 3HAYEHUdA, B KOTOPbIE JIAI0T BKJIAJ, KaK I10JI02KUTe/Ib-
Hble, TaK W OTPHUIATEJIbHbIE 3HAYEHNS T, YTO JAE€T B pPACIpeesIeHun Y
JOTIOJTHUTEJIbHBIM MHOXKUTEJb 2:

T = s dr —dy ;

y7 2\/@7
2 dy 1 _ y\ 1/2-1 y
d = y/2 = y/2 (< J
P = e e s T T (3) (3)

910 — I'-pacnpenenenune ¢ o = 1/2. 3nech yureno, uro ['(1/2) = /7.

8.2 Pacupenenenne MaxkcBenna

Kakgast W3 Tpex KOMIIOHEHT BEKTOPa CKOPOCTH MOJIEKYJIbI WMEET HOP-
MaJIbHOE PACTIPEIEIEHUE C HyJIEBBIM MATEMATUICCKAM OKUIAHUEM U JIAC-
nepcueii D, IponopuuoHaIbHON TeMIIEpaType, TAK 94TO BEPOATHOCTD BEK-
TOPA CKOPOCTU € KOMIOHEHTAMHE (Vg, Vy, Uy):

1
dp(ve, vy, v.) = W

1 22 2
e 25 (Vatvy+v2) gy dvy dv,

WNurerpupoBanne BeAETCSA MO TPEXMEPHOMY 00bEMY B MPOCTPAHCTBE
ckopocreii. Ecian HAC WHTEpEeCcyeT TOJBKO BEJIMYMHA CKOPOCTH, HYKHO
BBECTH MOJYJb CKOPOCTH v. BEKTODBI ¢ OJIMAHKOBBIM 3HAYEHUEM U 00-
pasyloT B IPOCTPAHCTBE CKOpocTell cdepy mwiomanpio 4w v?, a chepu-
9eCKHil CJI0# CKOpOCTell cO 3HAYEHUsIMH OT ¥ J0 ¥ + dv mmeer 00beMm
47 v? dv, Tax uTO

4 2 V2 o2
dp(v) = — T 32y = Yol o35 2 . (43)

(V2 D)? Do/

D10 u ecTh pacupenenenue Makcpesia
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<y>

\

Haubosee Bepositnast cKopocTb onpeensercs qucnepcueii D = kT /m,
rae k — mocrosinHasg Bonabnmana, T — abcoMioTHAS TEMIIEpaTypa U m —
Macca MOJIEKYJIbI:

d v? v 2
dv(_w+21n(’u))——D+v—0, ’U()—\/QD.

Ecu Bectu Bemmuuny y = v2/(2 D), To pactpe/esnenue s y — 9TO
I' - pacupenenenue ¢ napamerpom 3/2:

dp(y) = 1“(31/2) eV \ydy.

Cxopoctb v = /2 Dy = vg \/y, TaK 9TO Cpe/iHeAss CKOPOCTH

1 o . Vo 2
<v>=vy <Y >=U) = eyydyZF = —vy = 1.13 9.
0

I'(3/2) (3/2)  vm
9Ta CKOPOCTh TaKKe yKa3aHa Ha rpaduke u OHa OOJbITe HAnbOJEe Be-

POATHOMN.

MareMaTHieckoe OKUIAHNE V2

o I'(5/2)
T (3/2)

ONIPENIENSAET CPEIHERBAIPAMUNHYIO CKOPOCL vy = V< 12 > =+/1.51vy n
JUCHEPCUI0 MOYJISl CKOPOCTH

D, =<v® > — < v >2=02 (1.5 — (2/y/7)?) = 0.227 2.

<v?>=0] <y>=v 5

_3
T2

Ono me pasHO BesmunHe D — AUCHEPCHHT KaXKI0H OT/eTbHOM KOMIIOHEHTEI
CKOPOCTH.

Cpe/HeKBaIpaTHIHOe OTKJIOHEHHE OT CPeJHEeH CKOPOCTH < U >=
1.13 vy paBHO KOPHIO U3 AmcIepcun U pasHo Av = /D, = 0.48 vg.
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8.3 Pacupepenenmne Pesnesa

Pacnpenenenne Penest momobrno pacnpemesaernio Makcsesia, HO He s
BEKTOpPa B TPEXMEPHOM IIPOCTPAHCTBE, a JJisi BEKTOPA Ha ILJIOCKOCTH.
Kak m y MakcBenna KaxKaasgs KOMIIOHEHTa PAaCIpegeeHa HOPMAIbHO C
HYJIEBbIM MaT€MaTHUYE€CKHUM O2KHJIAHHUEM U ,ZLI/ICHepCI/Iefl DZ

1
dp(va, vy) = (Vor D)2

Ilepexons k mMoOmysti0, IJIOMIA/H B IIPOCTPAHCTBE CKOPOCTEHl BOIU3U MO-
Oyas v paBHA 27T v dv, TaK 9TO

S (2402
e 2D(“l‘+”y)dvxdvy.

1 v
dp(v) = D e~ 35 v dv. (44)

v

B okpecTHOCTH HYNISA IMJIOTHOCTDL JTHHEHHA 110 CKOPOCTH, B TO BPEMS
Kak B pacrnpegesennn MakcBesia KBaIpaTudHa.
g senmaunnst y = v2 /(2 D) sro I-pacupenenenne ¢ nokazaremnem 1:

dp(y) = e dy.

Haubonee BeposiTHasi CKOPOCTH OMpPeEsseTcs: U3 YCJAOBUSA MaKCAMY-
Ma Jsiorapudma MmIOTHOCTH BEPOATHOCTH

d v? v 1
% <—+1n(v)>:_D+U:0, 'U():\/B.

Tak xak v = /2 Dy = vg /2 Y BBIYUCTSIETCS CPEIHsIsi CKOPOCTD

3
<v>=1V2vy <y >= \/§U0F(§) = \/ZUO ~ 1.25vo.
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Cpennuit KBajpaT CKOPOCTU

<v?>=20v} <y>=2v2

OmpesieisieT cpeHeKBAIPATITHYI0 CKOPOCTh Uy = /21Uy M JUCTIEPCHIO
MOZY/Isl CKOPOCTH (OISITH He PaBHBIM [ — IUCIEPCUH OTAEIBHON KOMIIO-
HEHTBI):

Dy =<v?>— <v>?= (27 g) 2 = 0.43v2 = 0.43 D.

31ech MBI HA3BIBAJIN ¥ BEKTOPOM CKOPOCTH, OJHAKO TEOPWS TTPUME-
HUMA, 1[5 JTIOO0TO IBYXKOMITIOHEHTHOTO BEKTOPA U Yallle PACIpeIe/IeHne
Penes npumensierca npu u3ydeHun GIIyKTyanui 3JIeKTPUIECKOTO TOKA
WU JIJIS BOJIH HA BOJIE.

8.4 Pacupenenenue y>

Pacnpenenennsa Penes m MakcBenna GpakKTUIECKH SIBASIOTCS TaCTHBIM
cayuaem (mpu n = 2, 3) Gosiee 0OOLIErO pACIpPEIEIeHNs, HA3BIBAEMOrO
x? ¢ mapamerpoM n — YMCJIO KOMIOHEHT ¢ HOPMAJIbHBIM PACIIPE/Ie/IeHN-
eM u ogmHakoBoi mgucnepcueit D. Tak kak macimrabnoe mpeobpa3oBaHme
(ymenbimenne B /D pa3) HPHBOANT K CIyYailHOI BEIMUMHE C €IHHIY-
HOIt JucHepcmelf, TO JOCTATOYHO PACCMOTPETh TOJLKO CTAHIAPTHOE X2
pacmpezesierue ¢ n crenensiMu ¢cBoboabl. [IpaBma, B ormane oT pacmope-
nenennit Pestess u Maxcsesia, B X2 - pacipeeeHun CIydaiiHol Besn-
YUHON SABJISIETCS HE MOIYJIb 7 - MEPHOTO BEKTOPA X C MOIYJIEM X, & €ro
KBaIpaT:

n
2 2 2 2 2 2
X =ri+r5+...+tx, = g T =u=r".
i=1

1 12002 2
dp(x1,2,...,2,) = Ny Le—z@itast420) do das ... da,,.

B n-mepHoM upocrpancrse MOAy/b T (& CJEJ0BATEIbHO U 1) LOCTOSHEH
Ha (n — 1) - mepmuoii cdhepe ¢ (n — 1) - MepubIM obbemom 2, 11"~ a

cepuyeckuii caoit oT r 10 r + dr UMeeT n - MepHBIit 00beM

5 du

AV = Q1" Vdr = Qg u" /2 —
1T T 11U 2\/&5
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TAK 4TO PACIPE/IETCHHE 110 U:
dp(x?) = dp(u) = N"re /242 1 qu; N~1=N;7'Q, 1/2. (45)

HopmupoBo4nbiii MHOXKUTEIb BEIYUCIUM U3 yCJIOBUSI HOPMUPOBKH BEPO-
ATHOCTU:

e n
N = / e—u/2un/2—1 du:2"/2 F(§>7
0
TaK 9TO HOPMHUPOBAHHOE PaCIIPpEACJICHNEe IIPEICTAaBJICHO BbIPpAazKECHUEM

1

= W 6_"/2 ’U/n/2_1 du. (46)
2

dp(x*) = dp(u)

Ha rpadwukax nokazausl pacupenenenus npu n = 2, 4, 8 (rme ka-
Koe?):

u

2.5 5 7.5 10 12.5 15

Maremaruueckoe oxkunanue

1 o) 2n/2+1 F(Q 4 1) n
<uU>= —— TPy = 2 =2~ =,
U 2"/2F(72’)/0 e U U 22T (D) 5 =N
AHajioru4Ho, BTOpOil MOMEHT
225 +2) no_\n
2 2
<u? >= =4 (5+1)5 = 2),
u 27712 5 t1) 5 n(n +2)

YTO OIpeneideT TUCIEpCuio

D2 =n(n+2)—n*=2n.

Eciin ucxonnas aucuepcus komnonent D # 1, to

<u>=nD; D,=2nD>
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8.5 Pacupeaenenune CrbiogeHTa

ITo Croiomenty (Busbsam Toccer, 1876-1937) ¢ m crenensmMu cBOOO/IbI
pacipe/eieHa BeJnInHa

Zo
o 2 2 2 ’
\/(171 + ) +.ot JCm)/Tn’
e xg, 1, - .., Ty — HOPMAJIBHO PACIPEIEJICHHbIE BEJIMYNHBI C HYJI€BBIM

MaTeMAaTHIeCKUM OXKHIAHMEM W OJWHAKOBOH mucnepcueii. Tak Kak 310
OTHOIIIEHWEe OT JUCIIEPCUN He 3aBUCHUT, TO PHU BBIUUCIEHUH PACIIpeiesne-
HUSA AUCHEPCHUIO MOYKHO MOJIAraTh PABHOU €JUHUIIE:

1 m—+1
dp(x07 Tiy---, mm) = (\/2—> (6_%(x3+(x%+."+xi”))) d.’l?o d.’L’l R d.’l?m
™

O6osuauum 7 = \/x? + a3 + ...+ 22, u BbipasuM To uepes S: xg =

rS/y/m.
”7L’V'2
dp(zg,21,...,2m) = N7! <eiT (HSQ/m)) r™dr dQ,_1 dS.

WurerpupoBanue mo Ty, ..., Tm
Crangaprroe pacnpenenenre CThIOIEHTA:
1
1 I‘(%) ds
rm (% mrl
v TS s
Ha rpaduke pacnpenenenne CTbioieHTa ¢ 3-Msi CTEIMEHAME CBODOIBI

[IPUBEJIEHO B CDABHEHMU CO CTaH/APTHBIM HOPMAaJIbHBIM paclipeje/leHu-
eM:

dpm (S) (47)

Kaxkas u3 atux kpusbix pacnpejenenue Crbiogenra’?
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8.6 Pacupeaenenune BbIOOPOYHBIX AUCHEPCHil

WNurerpan

I
o

_r2 _ n_ n
e~z lar :7IT(S)
2
0

omnpelender paclpeiejeHue MOAYJAd CyMMbl KB3JAPaTOB 71 HOPMAaJIbHO
pactpeseeHHBIX CIYyYalHBIX BEJIMINH.

Pacnpenenenne @uriepa — pacnpe/ieieHre OTHONEHUS IBYX CPETHUX
CyMM KBaJIpaTOB HOPMAaJIbHO pacCupeaeJJeHHbIX BEeINYUH

2 Lo s 2 2 r

1 r2
2 _ 2 2 2 _ 2
So = 7('rn1+1 +xn1+2 +... +xn1+n2) - n72

Pacmpenenenne cpennekBagpaTUIHBIX OTKJIOHEHWH — BEJIUIHHBI [

5% /s3 He B3ABHCHT OT JHUCIEPCHH, €CIH OHa oblnad B 0OOMX pacipe/ie-
JIEHUAX, TIO9TOMY BBIYUCJIEHUS MOXKHO MPOBOJUTH JJIs1 HOPMAJbHO pac-
TIPEIEJIEHHBIX BEJINYUH X; C €AUHUIHON nucrepcueit. g mo6oit hyHk-
uuu 31oro ortomenus f(F) MaTreMaruvyeckoe OXKUIAHUE ONPEIEIAeTCs
unarerpanom < f(F) >=

1 2
—1, na—1
e d?"l drgf . 7{“ re? .
2 nirTna 2F 71 n2
()

O6osnauum z = r3/ri = Fnyi/ng, Boipasum 11 = /zra; dri/r =
dz/(2z) (npu UHTErPUPOBAHUY 110 Z BEJIMYUHA T'p = " OCTAETCS HOCTOSAH-
HOI) U LIOACTABUM B UHTEIDPAJI

N71 </(X>dre(l+;>r n1+n2z ) dz — F( ) Z"Tl %
0o T 2 T(HT <72> (112252 2

Bosspainasch Ternepb OT MepeMeHHOl 2 K mepeMenuoit F' = zny/ny,
IoJjiy4aeM paclpezeseHue 3TOH BeJUYuHbI:

nong [(2adn2) F3 dF
dp(F):n2 ny* n 2 n ni+tng 1 "
! 2 F(TI)F(TZ) (n1 +’fl2 F) 1; 2P

IIpumensiercst [y cpaBHEHUS BHIOOPOYHBIX JUCIEPCU.

(48)
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9 IlpenesabHble TeOpPEMbBI

9.1 IlepBag mpeaenbHas TeopeMa

OnHa U3 OCHOBHBIX 00JIACTEN MPUIOKEHNUS TEOPUH BEPOSTHOCTEH — MHO-
TOKPATHO TMOBTOPSIIOIIAECS COOBITHS C BO3MOYXKHBIMU PA3TUIHBIMU HCXO-
JIaMH.

B cxeme Bepuymim — npoBesenue 1 UCHBITAHUN € ABYMS HCXOJAMU:
“+” ¢ BEpOATHOCTHIO P U “-” ¢ BEPOATHOCTBIO 1 — p — caydaiiHas Besn-
yuHa M (YUCJI0 BBIMABIINX IJIIOCOB) UMEET MATEMATHIECKOE OKUIAHUE
< m >=np u gucnepcuo D,, =np (1 —p).

Cpe/iHee 9uCIIO MJIFOCOB B 1 UCIBITAHUAX & = M /N UMEeT MaTeMaTH-
qecKoe OXKHIaHue < & >= P U JAUCIEPCUI0

Dy _mnp(l—p) _p(l—p)

Dz:7 =
n? n? n

IIpn yBenmwmvyennn 9Ymcsa UCTHBITAHUNA TUCTIEPCUST YMEHBINAETCI U B TIpe-
Jeje n — 00 OKa3bIBaeTCcs PaBHOM HyMI0. B aTOM 1 cocTout nepsas npe-
deavras meopema TEOPUU BEPOATHOCTEN: CpellHee 3HAYEHHe T = /N no
8EPOAMHOCMU CXOIUTCH K P — BEPOSITHOCTHU TIOSABJIEHUS COOBITHS B OIHOM
HCIbITAHUH.

9.2 Teopema Myaspa-Jlanmaca

B 7Toit ke cxeme BepHy/IIM MOXKHO MOCTPOUTH CAYYAWHYIO BEJTUIUHY C
HYJIEBBIM MaTeMaTUYECKUM OXHUJIAHWEM M eJWHUYHOU IucIepcHueil mpu

J1000M N
m-—mnp Dy,
N=—F—————; <n>=0 Dyp=—me————xn—=1
np(l—p) T (Vnp(1-p))?

Ho Bce Boicmue (k > 2) ceMUMHBApUAHTDI ITONH BEJIMYUHBI CTPEMATCH K
HYJIIO TIPA 1L — OO:

(+]
[n] n Xk
X — — O,
3nech XE’:_] — CEeMWMHBAPHWAHTHI BBHIMAJIEHUS ILIIOCA B OIHOM OMHAPHOM

SKCIIEpDUMEHTE — KOHEYHbIEC BEJIMYIWHDBI, HE 3aBHUCAIIHNE OT N.
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Habop ceMUMHBADHAHTOB PABHDBIX HYJIIO, 33 UCKJIIOYEHHEM BTOPOILO,
PABHOrO €IUHUIIE, UMEET CTAHJIAPTHOE HOPMAJIbHOE PACIPEICIeHNE.

ITpn muHMMaIbHOM 3HaYeHnn m = 0 3HaYeHue T1 = \/n /p/(1 — p)
CTPEMHTCA K MUHYC 6ECKOHEUHOCTH, a IPH MAKCHMAJILHOM 17 = 7 3HAYe-
HEe To = \/n /(1 — p)/p cTpemmTCcs K MITOC GECKOHETHOCTH, TIPH 3TOM
MHTEPBAJIBI MKy COCEIHNUMHU 3HAUEHUSIMU &y, PaBHBIE 1/4/np (1 — p)
CTPEMSATCS K HYJIIO, TO €CTh B IPEJe/ie 1 — 0O BeJUYUHA & CTAHOBUTCH
HENpPepbIBHON, PACIPEIEIeHHON M0 CTaHIAPTHOMY HOPMAJIBLHOMY 3aKO-
HY.

Teopema Myaspa-Jlamiaca mo3Bosisier 3HAYATENIHHO yIPOCTUTH pe-
LICHHE 3a/1a4, CBA3AHHbIX ¢ OMHOMUAJIbHBIM PACIPEIEICHHEM IPU 00JIb-
mnx n (cM. majee).

9.3 llenTpanbHad NpeaeibHAsg TeopeMa

Teopema Myaspa-/lammaca siBisieTcst 9acTHBIM CiiydaeMm 6o0jee oOIei
UYEHMpParvrot npedeavroti meopemoi. IlycTh mMmeercst caydaiiHas Benn-
YUHa T (,Z[I/ICerTHaH NJIn HereprBHaﬂ) C MaTeMaTU4YeCKUM OXKUJaHUEM
W, mucnepcueit D u KOHeYHBIMU BBICIINME ceMuuHBapuanramu. Ilpu n -

KPaTHOM peasu3aiuu SToi ci1y4aiiHoil BeJudunbl (1, o, . . . , Ty ) MOXKHO
TTOCTPOUTH
Y xi—n<z> nD,
;o <n>=0; Dy=-—===1 (49)

= vnD, ’ (VnD,)?

CeMUMHBAPWAHTHI CIIy9aifHON BEJIUYUUHBI 1) ONPEIEISIOTCS CEMUNHBAPHU-
QHTaMHU CJIy4aiiHOU BEJIWYUHBI X:

/2 x]
m _ . glel (1 1 g
N <an) = n@272 pie (50)

IIpu crpemiiennn n K OECKOHEYHOCTH Tpu [ > 2 BCE OHU CTPEMSATCH K
HYJIIO, BeJINYNHA 7) CTAHOBUATCA HENIPEPBIBHON HA BCEH BEIIECTBEHHON OCH
U UMeeT CTaH/IapTHOe HOPMAaJIbHOE Paclipe/iesieHue.
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9.4 UWcnosp3oBanue LIIIT

IIycTs MBI XOTHM OTPEJEUTH BEPOATHOCTH TOTO, YTO YHUCJIO M BHITAIa-
HUsI OpJia HAXOAUTCS B 3aJaHHOM HHTepBajie mi < m < mg p = 0.5.
[Ipumenum Teopemy Myaspa-Jlamraca.

m — 0.5n 2m—n

"= Tos5vn | Jn
_2mp—n _2ma—n
= \/ﬁ v e = \/ﬁ

IIycts, manpumep, n = 100, my = 45, mo = 55. Torma n; = —1; 1y =
1 u BepositHOCTH TOTO, uTo mpu 100 Opocammsax 45 < m < 55 paBHaA
IJIOIIAIU TIOJ KPHUBOiT HOPMAJIBHOTO pachpenenerus or -1 o +1. Ona
paBHa mHTErpaiy BeposTHOcTEl P(1)2) — P(11) = (1) — $(—1) = 0.68
(cm. Tabauiy).

Ecan e n = 1000, m; = 4500, mo = 5500 — oTHOIIIEHNE TaKoe ¥Ke,
KaK ¥ B TIpeplayiieM ciaydae, HO 1717 = —10, 72 = 10, TO BepOATHOCTH
TMOTMAaHNs M B 3TOT WHTEPBAJI paBHA mjomaau ot -10 10 +10 — moutnu
paBHA €JUHUIE C OTPOMHON TOYHOCTHIO.

SHaveHns UHTErpaJia BePOATHOCTEMH

D) = %27 // de (51)

MPUBEIEHBI B TAOJIUIIE:

7 Qm) | n | @) | n | 2M)
0.0 | 0.00000 | 1.0 | 34134 | 2.0 | 47725
0.1 | 03983 | 1.1 | 36433 | 2.2 | 48610
0.2 | 07926 | 1.2 | 38493 | 2.4 | 49180
0.3 | 11791 | 1.3 | 40320 | 2.6 | 49534
0.4 | 15542 | 1.4 | 41924 | 2.8 | 49744

0.5 19146 | 1.5 | 43319 | 3.0 | 49865

0.6 22575 | 1.6 | 44520 | 3.5 | 4997674
0.7 25804 | 1.7 | 45543 | 4.0 | 4999683
0.8 28814 | 1.8 | 46407 | 4.5 | 4999966
0.9 31594 | 1.9 | 47128 | 5.0 | 4999997




40 9 IIPE/IEJIBHBIE TEOPEMBI

Nurerpan BepositHOCTEH — HeverHas dynkimus: P(—z) = —P(z2).
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YacTe 11
Maremarnueckasd CTATUCTUKA

¢l 6pocaro MOHETY U cpa3y HAKPBIBAIO JAJOHBIO, YCIEB YBHUIETH 9TO HA
Heil Beimasta “pemika”’. OaHako 6oJbIle HUKTO He 3HaeT pe3ynbrara. Ka-
KOBa, JIJIsl HUX BEPOATHOCTH TOIO, YTO 1O PyKOil “pemika™ 1/2.

BeposiTHOCTHO OIUCHIBAIOTCS HE TOJBKO COObITHSI, HO U HAIIM 3HAHUS
o Hux. KakoBa BepOSATHOCTH BBITIQAEHUS “OpJia” HA THYTOM MOHETEe. JTO
BIIOJIHE OTIPEIEIEHHOE YMCJIO MEXKIY HYJIEeM U €IWHUIEH, HO MBI €r0 He
3HAEM W MOYKEM JIeJIaTh JIUIIb 8EPOATNHOCTIHbLE CYHCOEHUS.

10 OcHoBHasg 3ajJa4a MaTeMaTHUYeCKOIl cTa-
THUCTUKN

Ocnosnoti 3adavels meopuu 6eposmuocmeds SBISETCS PACIeT MO 3a/IaH-
HBIM BEPOSITHOCTSIM HEKOTOPHIX (TIPOCTHIX) COOBITHIT BEPOSTHOCTEH CII0MK-
HBIX COOBITHIL, IO OMPEEIEHHBIM TTPABUJIAM, CBSI3AHHBIM C TPOCTHIMU.
CaMy BEpOSATHOCTH TIPW ITOM 33JAI0TCS ONPEIEJIEHHBIMU YHUCIAMU U
PYHKITHAIMH.

KagectBennoe otnmyne mamemamuneckoti cmamucmuky COCTOUT B
TOM, 9TO 3TU (DYHKIMHU U YHUC/Ia HEU3BECTHHI 3apaHee, CAMU SIBJIAIOTCS
C/ly4alHbIMM, U UX BEPOATHOCTHbIE DACIIPE/IEICHUA OLIPe/Ie/IAI0TCa Ha
OCHOBE KCIIEPUMEHTA.

11 Teopusa Baiieca

Tomac Baiiec (1702-1761) mocTpOusI TEOPUIO PA3BUTHs HAIIUX BEPOSIT-
HOCTHBIX 3HAHMI O MHUpe Ha OCHOBE IKCIIEPUMEHTA, WCTIOIB3YS CIMamU-
CTNUNECKYT0 3A6UCUMOCTD MEXKIy IIapaMeTPaMH Paclpele/eHnd U pe-
3yJIbTaTaMK SKCIICPUMEHTA.
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11.1 Crarucrunyeckadg 3aBUCUMOCTDH

Pacnpenesienue n1Byx ciy4allHbIX BeJIMYUH T U A 33a€TCS COBMECTNHBLM
pacnpedesenuem eposmMHoOcmeEd

dp(z, h) = p(z, h) dz dh; /p(x, h)dx dh = 1. (52)

st craTucTrYecKn He3aBUCHMbIX BesndanH dp(z, h) = dp(x) dp(h) =
(pz(z)dzx) (pp,(h)dh). Ecau 310 HE Tak, TO CilydaiiHble BEJUYUHBL & U h
SBJIAIOTCA CMAMUCTNUNECKY, 3G6UCUMbLMU.

CoBMecTHOE PACHPE/eIeHue OUPEIEIAET YACTHbE BEPOAMHOCTIY T

n h:
dp(z) = /hdp(x,h) =dx /p(m,h) dh;

dp(h) = /z dp(x, h) = dh / p(z, ) dz.

OCHOBHBIM WHCTPYMEHTOM B Teopuu Baiieca SBIsSeTcs ycaoenvie 6e-
poamuocmu p(z/h)dx u (p(h/x) dh), ciMMeTPHYIHO OIpeesieMble st
xu h:

dp(x, h) = p(x,h)dx dh = dp(x/h) - dp(h) = dp(h/x) - dp(z). ~ (53)

Orciona
dp(x,h)
dp(h) ’

dp(z, h)
dp(x)

dp(x/h) = dp(h/x) =

11.2 Teopema Baiieca

3 (53) MOXKHO BBIPA3UTH OJHY YCJIOBHYIO BEPOSTHOCTH Yepe3 JIPYryIo:

<

(h
dp(z

~—

dp(h/x) = dp(z/h) - (54)

~—

DTO COOTHOIIEHNE HA3BIBACTCS Mmeopemoti Batieca v ABns€TCS OCHOB-
HO#T dpopmysoi crarucTuku Baifieca.
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11.3 Meronuka Baiieca

[Mpunwuirem Temepsb BeuunHAM T U h ONMPEIETIEHHBIH CMBICT: OYIeM TT0JIa-
raTh T U3MepAeMO# CaydaiiHON BeJIWYWHOI C ImapamMeTpoM paclpejiese-
HEA h, TaKKe ABJSIOMINMCS CIYIafiHON BETMIUHON BCAEACTBUE HAIIETO
me3nHanus. llycrs 10 m3mepenus Hamu 3HaHUA O mapamerpe h ompese-
JANMUCh pacupenenenueM dpapr(h) — anpuopnsim pacIpenesieHueM, — a
TOCJIe TPOBENEHNS ONBITA, JTABIIETO ONpEIeIeHHOEe 3HAYEHNE T = T, HA-
K 3HAHWS O TMapamerpe h U3MEHUJIUCH: TMOCJE MOJIYIEeHUs pPe3yabTaTa
MBI IM€EM anocmepuopHoe pacupenesieHne

dpapr(h)
dp(me)

B sToit hopmyite z, — yiKe He ciryuaiinasi, a OIpe/leJIieHHasT, 3aMePEeHHas B
sKcrepuMenTe BesnunHa. Bxonsgimas B bopmysy dp(z.), Tak:Ke siBiasgeTcs
KOHCTAHTO# M MOXKeT ObITH OIpeJesIeHa II0CJIE BbIYUCICHUS U3 yCJIOBUS
HOPMHUPOBKYU BepOsTHOCTU. CIIy9daiiHON BEJIMYNHON SIBJISIETCST MAPaMETDP
h, u dopmyna Baiteca (55) onpezensger u3MeHEHHE HANIUX 3HAHWNA 00
9TOit CaydaitHON BeJMYIWHE B pe3yibTaTe dKCIepuMeHTa. B ciaydae mmc-
kperHocTr = B dhopmyie (55) dp(x /h) 3amensiercs ua p(z /h):

dppost(h/xe) = dp(ze/h) = Nil dp(xe/h) dpaPT(h)' (55)

dppost(h/ze) = N 7" p(xe/h) dpapr(h). (56)

12 Ilapamerp GmHApPHOTO pacIipeeieHns

IIpumennm meromuky Baiteca k 6GmmHapHoi cucreme, rae h eCTh BEPOSIT-
HOCTH BBITIQeHus “+” m coorBercTBeHHO 1 — h — BepoaTHOCTD “-”. MbI
elle He MPOBOMIIA SKCIEPUMEHT. 3HAEM JIM Mbl 9TO-JH00 O Hmapamer-
pe h? MubI 3HaeM, 9TO OH MOXKET MpWHWUMATH 3HAUeHus or 0 mo 1, u
ecsu DOJIBINE HET HUKAKOW ampuOpPHON MHMOPMAINN, JTOKHBI TPUIED-
JKUBATHCS KPUMEPUA MAKCUMAAGHOZ0 He3HAHUA. B TaHHOM ciiydae 3TO
MPEJTIONIOKEHNE O PABHOBEPOSATHOM PACIPEIETEHUHE ITOTO MapamMeTpa:
dpo(h) =dh; 0 < h < 1.

ITpu 3amannom h BeposTHOCTH Bbinaienus ruioca p(+/h) = h, a
munyca 1 — h.
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Eciu nocite npoBeieHuns SKCIIEPUMEHTA, BBITIA “+’, BEPOATHOCTD IIpe-
obpasyerca mo Teopeme Baiieca (56)

dp(h /+) =2hdh =dp(h/0,1).
[Ipu BbinaIeHUE MUHYCA
dp(h /=) =2 (1 — k) dh = dp(h /1,0).

B mocienpux BBIpArKEHUSX PE3YJILTAT IKCIIEPUMEHTa MPEICTABIACTCH
napoii uesbix uuces (n_, m4) ¢ TeM, 9TOObI TAKUM 2Ke 00pa3oM 3allu-
CBIBATH PE3YJILTATHI C OOJIBIIMM YUCJIOM HCIBITAHUIA.

151 nocieyonpx SKCIepUMEHTOB 3Ta BEPOATHOCTH CTAHOBUTCS aIlPU-
opnoit. Tak, Hanpumep,

dp(h /0,2) = N~' hdp(h /0,1) = 3h*dh; dp(h/2,0) =3 (1 — h)*dh.

Ha neBom rpaduke npecraBieHbl aNPUOPHAA BEPOATHOCTD C METKO
(0, 0) — ropusonTasbHas UpsMasd A = 1 U anOCrepUOpHbIE BEPOATHO-
cru ipu oxHOM ucnbitannu (nexoznpt (1,0) n (0,1)) u AByX WCIBITAHUSAX

((n—’ n+):(2=0)7 (171)a (072))'

0.2 0.4 0.6 0.8 1 n

ITpu n ucnbrranusx pesyabrar (N — m, M), Cae M — YUCJIO0 PeaTn3o-
BABIIIUXCS TITIOCOB, TIPX 3aJaHHOM h ompeaensercsa (popMy ol OmHOMU-
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AJIHOTO PACIIPE/Ie/IeHusT
P((n —m,m)/h) =Ch™ (1 —h)""™.

ITo dhopwmyne Baiteca (56) nocie peanusamuu (n — m, m) pacupeme-
JIEHUe BepOATHOCTH Iapamerpa h onpenensgerca 3 - pacupeIeeHaeM:

(n+1)!
m!(n —m)!

dp(h /(n —m,m)) = R™ (1 —h)"™. (57)
IIpn HEKOTOPBIX JOCTATOUYHO OONBINMMX 3HAUEHUAX N W m Tpaduk
arrtoCTEPMOPHOTO PACIIPE/IEIeHNsT TIPEJCTABIEH Ha TPABOM rpaduke.
Taxum 0bpazom mapamerp h, ONpenessoNuil Pe3yIbTaT CTATUCTAYE-
CKOI'O MCHBITAHUA, CaM CTaJl CJAyYalHON BEJIMYMHOU € pacrpeaesieHueM
(57). Haubosee BepogrHOoe 3HAYCHHE

d m n—m m
el | _ — 0 _m
(o) = - B =0 g =T
MareMaruyeckoe oxkuganue h
1
m+1 n—m-+1
h >= hdp(h) = ——; 1—h> ————.
she /0 ph) =355 < nt 2
Hucnepcus:
1 2 1 — 1

(n+2)(n+3)° (n+2)2(n+3)

YMEHBIIIAETCs C POCTOM 1 — 4eM Oosibiie 00beM SKCIIEPUMEHTa, TeM TOY-
Hee JIOKAJIN3yeTCs mapaMeTp.

12.1 AnpuopHadg BEPOATHOCTb

IIpu onpenenrenny HAMAILHON AIIPHOPHON BEPOATHOCTH MBI MCXOIVIIN U3
TPUHITUIIA, MAKCUMAJILHOTO He3HAHU 0 apaMerpe. O IHAKO y3Ke J0 OMbI-
Ta — WIW U3 JINTEPATYPHBIX JTAHHBIX TI0 OMBITAM IPYTUX UCCIeI0BATEIeH
WA U3 TPEBIIYINEro ONbITa, — MPUCTYIas K HOBON CEPUHU OMBITOB, MbI
KOEe-4TO y2Ke 3HaeM O pacupeneneHnd. Kak 3To anpuopHOe 3HAHHE OIH-
caTh MATEMATUYICCKH?!
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Ecmu mp1 monaraem, aro, nanpumep, h = 0.5+ 0.2, 370 MOXKHO 1Ipe/i-
CTaBUTH ANPHOPHBIM pacnpeenerneM (57) ¢ HEKOTOPBIME (ng, My):

+1)? 1
mo ~ 0.5ng; D ~0.22 = (mo = ;
0 0 (2mo+2)2(2mo+3) 4(n+3)

oTKyIa n =~ 4, m /& 2, 9TO OIpeJeisgeT alPpUOPHYI0 BEPOATHOCTD

5!
dpapr(h) = TD] h% (1 —h)? =30R% (1 — h)%
Kak Biusier HETOYHOCTb B 3aJaHUU alpPUOPHOI BeposTHOCTU? Ma-
TEeMaTHIEeCKOe OXKuIaHue h NP IKCIIEPUMEHTAIBHOM Pe3yIbTaTre (n -
m, m) " aOpUOPHBIX ImapamMeTpax g, Mo PaBHO

mo+m-+1 m
<h>=—— — —
ng+n+2 n

pu OOJIBIUX N U M U He 3aBUCHAT OT Ny U Mg, TO €CTh HOAbUUE 00BEMbL
UCTHIMAHUT KOPPEKMUPYIOM HEMOUYHYIO ANPUOPHYIO UHPOPMALUIO.

12.2 IIporxo3s

Ecmm o mapamerpe h m3HagaabHO HE OBLIO M3BECTHO HUYETO, HO MBI IPO-
BEJIM 71, UCIIBITAHU, B KOTOPBIX PEAJIU30BAJIOCH M TLIIOCOB, TAK YTO HAIIEe
alocTepropHoOe 3HaHue O napamerpe h oupegesnsercsa dopmynoit (57).
Temepb MBI XOTUM PACIUTATH BEPOSATHOCTH ITOABIECHUA | ILIIOCOB B ITO-
CIEIYIOIINX, eIle He MPOBEJIEHHBIX k ucnbiTanusx. Ecin Ob1 h ObL1a Be-
JUYNHA 33JaHHAs, TO

k!

l/k,h) = ————ht (1 —h)F.
k) = e b (=)

Tenepn 1o dopmysne Baiieca (53) MOXKHO BBIYUCIUTL COBMECTIHOE PAC-

npedeserue ClydalHbIX BeJUYnH [ U h, a 3aTeM, IPOMHTEI PUPOBAB 110 h,

HOJIy9UM %GCMHYI0 BEPOATHOCTD YHCJIA

k! (n+1)!
k=0 m!l(n—m)!

dp(l,h/k) = ML (1 — p)ntk=t=m g,
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p(l/k,n,m) = /hdp(hh/k) dp(h /n,m) =

Eln+D!m+D)'(n+k—m—=1)!
NE-=D!'m!'(n—m)!(n+k+1) "
Oro — pacupenenenue ciaydaifnoii senmuuaunbl . Paborars ¢ HuUM — Ha-
[PUMED, BBIYUCIUTH MATEMATUYECKOE OXKUJIAHUE WA JUCIEPCHIO CIIy-
gaitnoro umncnaa | — nempocto. OIHAKO CYIECTBYIOT OOIINE TEOpeMbl O
TTPOTHO3€E, YIIPOIAIOIIE BHIMUCIEHNE 3THX MapaMeTPOB PACIIPE/IEIeHNS.

e MaremaTwdeckoe OXKHUJIAHUE CAYYIANHON BEJIUYUHBI MPHU BEPOST-
HOCTHOM ITapaMeTpe, TAKzKe ABJIAIIINMCI CIyYaiiHON BEJIUYINHOM,
PaBHO MaTeMaTHYeCKOMY OXKHUJIQHUIO II0 ITapaMeTpy OT YCJIOBHOTO
MaTeMaruyeckoro oxupanus < x /h >= [ adp(x /h), ycpepnen-
HOMY 110 pacClpe/le/IeHUI0 CJLy4aiiHoro 1apamMerpa:

dp(x) = / dp(x /h) dp(h);

o= [rap = [ ( / xdp<z/h>) dp(h) =

/ <z/h>dp(h) =< (< z/h>;) >p=<<x>>.
h
e Jlucmepcus CaydaiHOW BEJWYHUHBI IPU BEPOSITHOCTHOM IIapaMeT-

pe, SBJISIONIUMCS CIy9YalHON BEJIUYIUHON, UMeeT 00Jee CIOKHYIO
KOHCTPYKITUIO:

D, = /(x— << x>>)dp(x) =
//((x— <z /h>)+(<x/h>—<<x>>)2dp(x/h)dp(h) =
hJzx

/h </I((x— <z /h >)dp(x/h)>2 dp(h)+

/h(< x/h>— <<x>>)%dp(h) =< D,/p, > +Dy/p>.  (58)

Omna paBHA yCIOBHOMH IUCHIEPCUH, YCPEIHEHHOM 0 TapaMeTpy, LI
Jucliepcud 110 napamMerpy MaTeMaTudeCKOro OKUJAHULA.
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Hanpumep, B pacCMOTPEHHOM BBIIIE CIydae IPOrHO3a Ha k HCIIBITA-
HUIi TIOCJIE 7 UCTIBITAHUN, B KOTOPBIX BBIMAJIO 171 TLIFOCOB JIJIs CJIydaiftHON
BEJINYWHBI [, MATEMATHIECKOE OXKUTAHIE
kE(m+1)

<<l>>=<kh>= .
(n+2)

Hucnepcus B coorsercrBuu ¢ (58) Beger cebst clioxHee:

Dy =<kh(l—h)>+ (< (kh)*>— <kh>?)

Em+1)(n—m+1) p(m+1)(n—m+1)
(n+2)(n+3) (n+2)2(n+3)
k? ) (m+1)(n—m+1)
n+ 2 (n+2)(n+3)
IToka 0b6bemM MpPOrHO3a MHOTO MEHbIE 0ObEMA TPOJAETAHHOTO SKCIIEPH-
MenTa k < n, aucnepcusi mporuo3a pacrer juneitno mo k. IIpu obbveme
[IPOI'HO34, IIPEBBIIIAIOIIEM 00beM IKCIEPUMEHTA, 3ABUCUMOCTH OT Kk OKa-
3BIBAETCS KBAIPATHIHOM.
IIpocnenmm 3a OTHOCHTEIHHOM TMOTPEITHOCTHIO § = 0] / <<l >> rtme

oy = v/ D; — HOpM™MA:

B 1 1 (m+1)(n—m+1) (n+2)
5—\/(k+n+2)\/ (n+2)(n+3) (m+1)

(k +

3iech n U m — 0ObeM U Pe3yJibTarl MPOBEJIEHHOIO IKCHEPUMEHTa, & k
— obbem mporuosa. Ilpm k — oo oTHOCHTENIbHAS OMMUOKA MMeeT KOHeU-
HBII TIPesieNl B OTJINYKE OT MTOXOXKeH CUTYAIUU B 3aKOHE OOJIBININX YHCET
TEOPUU BEPOATHOCTEN.

13 Ilapamerpbl HOPpMaJILHOTO paclpeaejaeHnus

Benencrsue nenrpasibHON 1peiesibHON TEOPEMbl MHOI'ME HEIPEPbIBHbBIE
ciIydaifHble BEJTUYWHBI PaclpeaesieHbl HOPpMaJbHO.

1 _(=—p)?
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BepOﬂTHOCTb 1IOABJICHU A Ha60pa Cﬂy‘laﬁHbIX BeJIn4YnuH (1’1, T2y oo vy .’L'n)
ITpPONOPINOHAJIbHA
1 (n=2)2 a2
= — e 2D T 2D
p(z1a127---7xn/HaD) (Zﬂ_D)n/Qe )

TZe TOKa3aTeJIb IKCIMIOHEHTHI €CTh PE3YJAbTaT PACKPBITUA CYMMbI

n

’I’L(/J—i')Q A2' 7_1 - . =\ . 2 L 2\2
5D +2D’ m—nsz, ' (z;—Z)=0; A —Z(ml z)”.

Teneps mo dpopmyse Baiteca

dp(p, D Jz1, 3, ..., xn) = dp(p, D /2, A?) =

1 e*% _n(u-u)2
N~ s e T dpo(u, D). (59)

31ech CydaiiHBIMU BETHYMHAMA SBISIOTCA (4 U D, & 3KCIepuMeHTAb-
HbIE JAaHHBLIE BXOIAT TOJBKO B BAIE ABYX KOMOHMHAIWIA: CPEIHErO 3HAYE-
HUA T U CyMMapHOil KBagparuanoit ommubku A2, Muoxurens dpo(u, D)
€CTh ampuopHas BEPOATHOCTHL pacmpenenenus p u D. MakcumanbHas
HEOPEIEJIEHHOCTD JJIsl (i — 9TO PABHOBEPOATHOCTH BCEX i dpo(p) ~ dp.
Hna D 3to He Tak, Tak Kak [) — MOJIOKUTEJIBHO OIpPEJIeIeHHAsT BEJIn-
guHa: dpo(D) ~ dD/D. Ilocne rakoil nogcraHoBku pacupe/enerue (59)
IPUHUMAET BU:
A2

_1 € 2D _n@-3?

W e 2D d/,é dD. (60)

dp(p, D )z, A%) = N

Hopmuposo4nstit MuokuTe b N HAXOAUTCS U3 yCJIOBUSI HODMUPOBKH Be-
POATHOCTH

/dp(u,D/a_;,A2) =1.
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13.1 PacnpeneneHue auciepcun

Pacupenenenue (60) HECI0XKHO IMPOUHTErPUPOBATDL 10 [, TAK KaK 3TO
rayccoB WHTErpaJI:

o0

/e—"(giﬂz dpt = /27TD’
n

— 00

TIOCJIe YeTr0 OCTAHETCS pacupejesenne aucnepcnn D

27 e~ 2A1§
2y _ ar—1
dp(D /A*) =N DD/ dD.

2
910 ecth I'-pacmpenesenue Ijid BEJIUIHHBL U = QA—D. JleitcTBUTEIBHO,
2
npeacTasus D = 5, OTKy/a, TaK Kak A? KOoHCTaHTa,
A2
dD = —— du;
2u?

n \A?
1
1
INC
Orciozna onpeesnsercs HOpMUPOBOUHbIA MHOXKUTENb B (60):

n—1
2 2 2
dp(u) = N~! il ( ) w2l gy =

u(n—l)/?—le—u du.

n—1
27 2\ 2 _n-—1
N=y\//—|— r . 1
Maremarndyeckoe O:KuJIaHUe JUCIEPCUH
A2 1\ A2 1 [
D> — ()= — (n=3)/2—1_—u du = 62
<D> 5 <u> 5 F(%‘l) /u e U (62)
0

2 n—3 2
APT(EY) A
n—1\ 9"
2 (%1 n-3
JI1st OTleHK Y MaTeMaTHIeCKOTO OXKHIAHNS JUCIEPCUN HYKHO O60Jee Tpex
3aMepOB.
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13.2 PacnpeneneHne MaTeMaTHYECKOIO OXKMIAHUS

IoncraBus B BhIpazkenne (60) HaiieHHOE 3HAYEHWE HOPMUPOBOYHOTO
mMHOXKUTEA (61)

A2 1 o

~ 2 e 2D 7n(u L)

dp(u, D [z, A%) = \/; < 5 > T(%52) DO/2+D) € dpdD,
(63)

coOpaB MOKA3aTesb YKCIIOHEHTHI B OFHY (DYHKIMIO W, MOJIydaeM CTaTH-
CTUYeCKHU HE3aBUCUMOE paclipe/iesieHue Jid CLydaiHblX BeJIUYUH [ U W:

n F(ﬁ) d,LL e~ v n_
dp(p, w) = 1/ N m ( —w?2 1dw> =
(:U’ ) 7TA2 F(n21) (1 + nO;@z)? F(j)

dp(p) - dp(w);  w = QD(A2+n(u z)?).

[lepBbiit COMHOKUTETH B 9TOM PACIPEIEICHAN OLPENETISeT Pacnpe-
deaenue Cmuvrodenma ¢ m = n — 1 cmenenamu c6060dv: dbopmyma (47)
Ha cTpaHune 35:

(2 du
A?) = 2) — 64
,LL/J: 7TA2 —1 (#_E)z)é ( )
A2
W3 coornomenns
=T+ Yn—1 =n-—1
n — 1

MoO2KHO HOJIy4nuTh MaTreMaTH4ecKoe OXKUJIAHUE U JUCIEPCUIO OlleHUBae-
MO BEJIMYUHBI [

_ A2 n+1 1 A2
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rae Yn—1(n) — Kéawmuab HageKHOCTH 1) pacupenenenus CThOIeHTA C
n — 1 crenensiMu cBoGOABL: ty,_1(7) OTCEKAIOT MO KPUBOI TIIONIAIb 1)
(mampumep, 0.9, 0.95), onpeensonyio radescnocms evsoda. Ksantu-
JIM 33JaHHON HajeXKHOoCTH pacupenenenus CTbIOJEHTa C M CTEeNeHIMU
cBOGOIbI IPUBOAsATCH B Tabsiunax (cM., Hampumep, [2]).

13.3 IIporuos

IIpu 3aganubix @ u D pacupenesernue ciry4dailHON BeJIMYUHBL T OIPee-
JIdeTcd HOpMaJ[bHBIM pacnpeaeneHI/IeM
1 (z—mw)?

dp(a:/u,D):\/m—e* 30 dx.

Ho camu 9T mapaMerpbl OKa3aauch CIyYaiiHbIMU BEJIUIUHAME, OIPE-
JleJisieMbIMU pactpeesierueM (63), Tak YTO € y4ETOM 3TOH BEPOATHOCTU
IPOrHO3UPYEMOe 3HAYEHNE T UMEET PACIPEIETCHUE

— — N1 -3 1
)= [ de /. D)aplp. D) = NVt [ D () S
(65)
rae
2 =12 2 2 o n(z—1)°
=AM Fn(p—2)"+ @ —p) =27+ (p—np"+ ;
n+1
_nr+zw
n+1"

ITocne muTerpupoBanus 1Mo p u D, yMEHBITAIONIETO CTeNneHs D B 3HAME-
HaTese HA 3/2, pacnpeesieHie TPOrHO3UPYEMOil BEJIMYNHBL T OKa3bIBa-
ercs pacupezenenneM CTbIOAEHTa ¢ M = N — 1 CTEeHbI0 CBOOOIHI:

_ dzx ds
dp(l‘) =N"" ~ mil

(1+%)E (14522

(n+1) A2
nn—1)"

(n+1)A2

l‘:i’—f—sn_l m

<zr>=2x D=
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B omnmmume or gucnepcuu napamerpa ft, yMEHbIIAIOMIENHCH IPU yBe-
JMYEHAN 9HCIIa, 3aMepOoB, TaK Kak A2 pacTeT MpOMOPIHOHATILHO 1, JHC-
mepcusi T C POCTOM YHCJIA 3aMepoB crabuausupyercs. Harmum 3uanus o
mapaMerpax pacryT, HO OObeKTHUBHAsS HEONPEIETeHHOCTh B CHCTEME HE
YMEHBIAETCS.

13.4 PazaunyeHue MaTeMaTUIECKNX OXKHNIAHUII

Ecam B IByX pa3/MIHBIX CepUSX U3MEPEHUI MOJYyUIEHBI CJIETKA Pa3Ind-
HbIE€ 3HQUEHUA T, ABJIAIOTCA JIU 3TH PA3JIN4YNA Pe3yJIbTATOM 3aMepa Ofl-
HOIt ¥ TOit Ke BeTMIWHBI, NJIH YK€ B KayKI0H CePUU UMeIach Crennduka,
NpUBEIIas K U3MEPEHUIO PA3HBIX BEJIUIUH !

Ha pucynkax BuiHO, 9TO BBIBO/J[ OIIPE/IEIAETCH HE PA3HOCTHIO, & OT-
HOIIIEHWEM 3TOM PA3HOCTU K MOTPENTHOCTA U3MEPEHUH:

s ycTaHOBJIEHUS MATEMATHIECKOIO KPUTEPHs PA3IAIHOCTU CPEeJi-
HUX HY2KHO HaiiTu merozoMm Baiieca pacupezesnenue napaMerpoB [t] U [io
B 9THX CEpUSAX C JJUHAMHU BHIOOPOK 7 ¥ o'

a3 a3 ny 1 =2)%4ng o302\ dpyg dus d
T s S _n1m—2) +22(#2 2) W1 apo aoc
dp(u17/~‘l‘270) - N € 27 2o € 2o 0—n1+n2+1 :

(66)
OCHOBHYIO POJIb UI'PAET BbIPAXKEHUE B II0KA3ATEJe SKCIIOHEHThI
= \2 = \2
s=mn1(p1 — 1) + na (2 — T2)“.
Boroenum w3 mepeMeHHBIX L1 U flo UX PA3HOCTH
) n

=p+—-2X =p———X A=y — o
H1=p 1+ 1o K2 = [ 1+ 13 K1 — H2
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Torua
= n1 Ny 2
s=(n1+n —r)P 4+ ——=(A—90)?
(n1 +n2)(p— ) n1+n2( )
roe
= N1T1+ N2To _ _
r=———>""=: §=1T1 — To.

ny + ng
ITocne waTErpUpPOBaHUS TIO L 3aBUCHMOCTB OT A OMPEIEIUTCS CTHIO-
JIEHTOBCKO# (byHKIMEH C m = nj + ng — 2 crenensiMu CBOOOIBI

<1+ n1no ()\_5)2 )—(n1+n2—1)/2 B <1Jr 752>_(m+1)/2
(1 + 12) (A2 + AD) =1+ :

OTKYJa MOXKHO OTIpeIe/INTh

-2 A2 1 A2
< p1—po >S=< A >=T1—To; D)= (n1+no )(n1 + n2) T4+ A3

ni N (n1+mng—4)

3HAYUMOCTH PA3HOCTU T — To ONPEJENSIeTCS €€ OTHOIIEHNEM K KOPHIO
U3 JUCIEPCUU.

14 Perpeccus

OnpeneeHnio moAJIeKUT 3aBUCHMOCTD

y(x) = ay ur (z) + ag uz(z) + ... 4 am um(z) + 6, (67)
rue up (), uz(x),. .., un(x) —3anauuble pezpeccuonmbe GYHKUUU, KOID-
dbunmentsr a1, as,. .., dy — TOIJIEKAIINE ONPEICICHUIO PEZPECCUOHHDLE

KoshpuLuermol, BHICTYTIAIONINE C TOYKU 3PEHUs] MATEMATHIECKON CcTa-
THCTUKHA KaK CJIy9aifHble BEJIWYWHBI, JJIsi KOTOPHIX HEOOXOIWMO HAWTH
pacIpeiesieHne BepOATHOCTEH, MATEMATHICCKUE OXKUIAHUSA, JACIEPCHH.
Benmumna § AB/IAETCA IOTPENIHOCTHIO U HOIAraeTCs HOPMAJILHO PACIIPe-
JICJICHHOM C HYJIEBBIM MaT€MATHYECKUM OXKHMJIAHMEM ¥ HEM3BECTHOM Jiuc-
nepcuen.

Cxema nannbix: umeerca N nap JaHHbIX (24, y;); ¢ = 1,... N.

5i:yi—zajuj($i); 7=1,...,N.
=1
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ITpu 3aaHHBIX PErpecCHOHHBIX Ko3bdunuenTax a; u gucuepcun D
BEPOSITHOCTH TIOSIBJIEHUsT HAOOPa OIMIMOOK d; OTPEIeISETCsT TIPON3BEICHN-
€M TrayCCOBBIX paclpeeeHni

e~ 75 1
Ap(51, ..., 65 /Dyay, ... am) ~ ~——e 75, (68
(61 ~N/D,ai,...an) E 75 DE© (68)

rie

N m

N
F=>20= vi—> ajui(z) | - (69)
i=1 j=1

=1

IIpumensas meron Baiteca, Hy:KHO paccMaTpuBaTh KOI(PPHUITHEHTHI
a;, D Kak ciaydaiiHble BEeJIUYINHBI C AIIPHOPHON MEpOil BEPOATHOCTH

dD
dpapr(ar,az, ... an, D) ~day dasy ... day o

YTO MPHUBOJUT K PACIPEJE/ICHUIO TapaMeTpos a; u D:

dD
D )
rae byHKIms f sABIgeTCS KBAAPATHIHON M0 KO DUIMeHTaM perpeccun
a;:

J

1 s
1~ (e 2D
dp(ai,as,...,an, D) =N~ E (e )da1 das ... da, (70)

N m N m m

2| _9 ] o

v | — a; s wy(x;) aj; ay uj(2;) ur ()
i=1 j=1 i=1

J:I k=1 =1
(71)
0O603Hauast BbIPAXKEHUsT B KPYIJIbIX CKOOKaX Kak < y2 >, <yu; >=
bj m < ujup >= Kjj, cCpa3y OmpeJiesnM, ITO HambojIee BepOATHEIE 3Ha-
YEHUsT CTATUCTUIECKUX KOI(DMUIMEHTOB PErPECCHr HAXOAATCH B MUHU-
MyMme QyHKIA f, ONpeaensaeMoM JTHHEHHON cucTeMoil ypaBHeHnit

bj :ZKﬂal; dl:ZKl;1 bj. (72)
=1 =1

DTOT BBIBOJ, ABISETCSA OCHOBHBIM B TEOPUH HAMMEHBIINX KBAJAPATOB, TIE
ocHoBHOl dopmyoit siBisercs (72).
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14.1 Perpeccusa npaMoil JuHMEN

[TosHOCTHIO CTATHCTHYECKYIO 3aJady pacrpeneneHus Ko3hduineHTon
perpeccur Mbl PACCMOTPUM Ha MIPUMEPE ONpeJeseHus TUHEHHON 3aBUCH-
MOCTH Y = a+bx c AByMsT perpecCHOHHbIMEA (PYHKIUAMA U1 = 1, us = T.
B sTom caydae
N N
K1 =<1-1>=N; Ki3 =Ko :Zﬂjl:Nf, Koo :Zl‘f
i=1 i=1
YUrobnr MaTpuia K;; Obl1a AUaroHaIbHOM, yno0Hee B3ATH 33 MCXOTHLIE
dbyurmmn vy = 1, ug = x — &, Torma < uy - ug >= y . (z; —Z) =0mn
MaTputia K nMeeT JUIMb JUarOHATIbHBIE SJIEMEHTHL:

N
Ky =N; Kp=)Y (r;,-7)°=NL"
i=1
Hannyumme xkosdbdumentst a u b onpegensiores 3 (72):
<y> 5 <ylx—=z) >
N N L2
Keanparuunas dbopma npu Hamaydmmx KoIG UIHEHTAX ONpEIessieT
CyMMAapHYIO KBaJIPATHIHYIO MTOTPEITHOCTh:

a =

=1
a TIpH MPOU3BONBHBIX @ U b:
f=A*+N(a—a)*+NL*(b-b)?,

u dopmyna (70) OpUBOIUT K pACHpPEAEIEHUIO TAPAMeTPoB a, b, D:

1 A24N (a—a)2+N L2 (b—5)2 dD
dp(a,b,D) = N~* — (e~ D dadb=. (73)
Dz D
IMocre unrerpupoBanus mo D sta dhopmyna gaer deymeproe pacnpe-
deaenue Cmurodenma it K03 GUIUEHTOB @ U b, TIPONOPITHOHATIEHOE

da db
dp(aa b) ~ N -
(1 n N ((a—a)2+L2 (b—5)2))?
AZ
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Ecim ke cHavaia mpoOrHTErpupoBaTh 110 b, 9TO IPOCTO YMEHBIIHUT HA
1/2 crenens o D B 3HaMeHaTee, a 3areM 10 D, TO pe3yabraToMm Gyaer
pacmpenesienne koddduimenTta a — pacupenenenne CrbomenTta ¢ N — 2
CTeIeHAMH CBOOOIDI:

da dy
dp(a) ~ ~ S (74)

N-t
(14 Gt} T ()™

AHajornuHo, MHTErpupoOBaHKe 10 @ U D MPUBOIUT K PACIPEIETICHIIO
CroiogenTa ajs Koaddunnenta b:

db d
dp(b) ~ _~ Y (75)

2 b)2 % 2
(- 22 ™ (105)

W3 31mux BbIpakeHWil HAXOAWM MATEMATHYECKUE OKUIAHWSA U JIHAC-
nepcun KO3pHUIuenTos a u b:

yz,

H'Mz

(N-2) A 7(N72) A2
(N—4)(N-1) "  (N—4)(N-1)L?

Kaxnprit w3 vux pacnpeseser no Croionenty ¢ m = N — 2 crenensmu
CcBODO/IBI.

D, =

14.2 PerpeccuoHHbIII TPOTHO3

Crarucruyeckasi HEONPEIETEHHOCTh KOIDDUIIMEHTOB perpeccuu a u b
MPUBOJIUT K HEOOXOAMMOCTH IIPH MPOTHO3UPOBAHUY IPOBOJUTDH YCPETHE-
HUE [0 3TUM TapaMeTpaM ¢ pacrupeaesenuem (73):

dp(x) = / . dp(x /a,b, D) dp(a,b, D). (76)

OTOT MHTErpaJj BCEe TOTO Ke rayCCOBa TUMA, KOTOPBIH MOCI€ WHTErPUPO-
Bauusi 1o D mpuBoauT K pacupeneenuio Croiomenta. Hy)#Ho pacmucars
KBaIPATUIHYIO (DOPMY B MOKA3ATEsE IKCIOHEHTHI:

f=A2+N@—a)?+NL*(b-b)*+(y—a—0b(x—))>
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Temepp HYKHO HafiTH MEHAMYM 3TOH (POPMBI 1O @ u b:

. a(NL*+z(x—2)%) + L%y — b(x — 7))
(N+1) L%+ (z — 3)? '
BLQ(N+1)+(a:—55)(y—a).

b= (N+1)L2 + (z — 2)2

IIpu sToM cama kBazpaTudHas (HOPMa OKA3BIBAETCS PABHOM

_ NL*y—a—b(z—z)?

STy

JlobaByieHre HOBOH TOYKM YBEJIUYIWT CTEeHb [) B 3HAMEHATese Ha
1/2, opHako unTerpupoBaHue 10 a u b 1Be HOJIOBUHKK ChEJAET, TaK YTO
OKOHYATETHHO

dy dsS
dp(y(a:)) ~ -1 ™ mEl ) (77)

N-—1
N L2 (y—a—b(@—2)> \ 2 S22
(1 + ((N+1)yL2a+(zfz)2x)A2) (1+57)

910 pacupenesenne Croionenta ¢ m = N — 2 creneasmu cBoboasr. Cama
IIPOTHO3UPYEMAasi BETUYUHA SIBJISIETCS CyMMOM PeryJsipHOM 4acTu — Hau-
6oJiee BEpOsITHOM PEerpecCUOHHON (DYHKIUKU — U CIIy9aiiHON BeTMIUHbL S,
pacupeneentoit mo CThIOIEHTY:

y(x)=a+b($_$)+SN2\/A2 (1"‘;]"’(96]\[_;)2) (78)

MaremaTrudaeckoe OXKUIAHUE ¥y TEKAT Ha PErPECCUOHHON KPUBOH Y =
a+b(x— ), a qucuepcus ee pa3judHa UPU PA3JIUIHbBIX T

(N —2) 1 (z—2)?
(N=2)(N+1) ., (x — 7)?
TN _4N A<1+(N+1)A2> (79)
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//

Jlucmepcusi, a BMeCTe C HEH W JOBEPUTEIbHBIN MHTEPBAJ 33JAHHOI
HAJE2KHOCTHU, PACIITUPSIOTCS OT cepeauubl rpaduka Kk Kounam. Munumym
JUCIIEPCUU B TOYKE T = T.

15 CrarucruyeckKue rurnoresbl

Hukako#t KOHEUHBIH IKCIIEPUMEHT HE MOXKET ONPeJeUTh BUJ pacipe-
JIeJIeHUsI, KOTOPOMY HOJYMHSIETCs 3aMepsieMas Ciydaiinas Bejnanna (3a
UCKJIIOUeHneM OMHAPHOIO pacipejeneHus ¢ AByMs ucxogamu). Ilosro-
MY UCCJIeOBATEb, UCXOAA U3 IPUPO/IbL ITON CIIy4YallHON BEJIMYUHbBI, BbI-
JBUTAET 2UNOME3Y O BHUJIE PACIIPEIEIeHNs U, HalpuMep, MmeTonom Baiieca
oTpesieNigeT TTapaMeTphbl 3TOTO PaCIpeIeIeHus.

Hampumep, 11 HEMPePBLIBHON CIIyYIaiiHOW BEJIMYWHBI, CJIYYalHOCTH
KOTOPOI#1 OnpeiesieTcs MHOTUME (haKTOPaMU, BCIEICTBUE EeHTPATHHON
[IpeJieJIbHON T€OPEMBI Yallle BCero IPUHUMAETCs IUIIOTe3a 0 HOPMaJIbHOM
paciipe/iesieHuu.

Ilocte mpoBeeHMs IKCIIEPUMEHTA, BOZHUKAET BOMPOC: a COTJIACYIOTCS
JIV TIOJTy 9€HHBIE SKCIIEPUMEHTAIbHBIE JAHHBIE C BBIIBUHYTON TUMOTE30M 7

Kpumepuu cozaaacus pa3paboOTaHbl i TOTO, IYTOOBI JTaTh 6EPOAM-
HOCTHYLT OTBET Ha JAHHBIA BOIIPOC.

15.1 Kpurepnii \?

[Ipumensiercst [Jisi MPOBEPKU TUMOTE3BI O TOM, YTO IKCIEPUMEHT 00be-
Ma n ¢ k COCTOSHUAMU, B PE3YIbTATE KOTOPOTO B KAXKJIOM i-M COCTOSI-
HUW BBINAJIO T; COOBITU, ONPE/IeIIsieTCS BEPOSITHOCTSME P;, OIEHEHHBIMU
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KakuMu-100 craructudecKkumu merogamu. [Ipu stom

k

Zri =n. (80)

Marematudeckne OXKUIJAHUS THUCET 7; PABHBI < 1; >= m; = np;, a
[pY IOCTATOYHO GOIbIHX 1, (60sbiux 10-1) OTKIOHEHUS T3 —1; BCJIEI-
CTBUE MEHTPATbHOU MpeJebHON TeOPEMbI MOAINHAIOTCI HOPMAJIbHOMY
pAacIpeiesIeHnio ¢ TUCIepcueit

Di =np; (1 —p;) =np;,

€CJIA COCTOSHUU JTOCTATOYHO MHOTO M KaXKJI0€ p; MAJIO.
Torga Benmuanny
i — NP T — My
Zi = =

VP M

MOZKHO I10J1araTh HOPMaJIbHO PAacCIpele/IeHHON ¢ e JMHUYHON Juclepcuei,
a BEJIMYINHA
k
— 2 _
U = E z; =
i=1
2

pacipe/eieHa IPUMEPHO 110 3aKOHY X~.

Hy:x1o0 eme HaiiTk 9uCI0 CTATUCTUYIECKUX cTeneHeit cBoboanr. Yuca
7; UOAYUHAIOTCS yHOMAHYTON cBsi3u (80), 4TO yMEHbIIAET YUCIIO CTATU-
CTUYECKUX CTemeHeil cBOOOABI Ha eIWHUIlY. KCau JTaHHbIe UCIOIb3YIOT-
CsI TaK Ke JJIsI OIEHKH ¢t TapaMeTpOB PACIpPeIesIeHrs], TO CTATHCTHIECKH
HE3aBUCUMBIMA OCTAETCS

— (81)

(ri —m;)?
m;

k
=1

v=k—-1-t (82)

TapaMeTPOB, UTO U OTPEIESeT UHCIIO CTeneHeit CBOGOILI B X2 - pacmpe-
JeJICHUN.

Ilnomaab Tom KpuBOH Y 2-pachpeleseHns ¢ U CTEIeHIMH CBOGOIBI
OT HYJIS JI0 BBIYUCJIEHHOTO 3HAYEHUS U ONPEIEISIET BEPOATHOCTD Hesep-
Hocmu 2unomesds. ECIH U BETMKO, BEPOSITHOCTh OTKJIOHEHWS THIIOTE3bI
OKa3bIBaETCA BBICOKOM.
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16 CrarucTudeckoe MOAeJIMPOBAHUE

Crarucrudeckoe momeanposanne (Meron Monre-Kapiio) npumensiercst B
3a/1a9aX TEOPUU BEPOSITHOCTEH, TIe TIPOCTHIE, M3HAYAIBHBIE COOBITHS MO-
JIeJIUPYIOTCS TOCTATOYHO MPOCTO, HO BEPOATHOCTH HEKOTOPBIX CJIOMKHBIX
COOBITHIA, OIIPEIe/IIeMbIX IIPOCTHIMHU, BHIYUCIUTD HEBO3MOXKHO UJIU OYEHb
cao0kHO. [IpoBoauTCs MHOrOKparHas CjydaiiHas peaju3alus HCXOIHBIX
COOBITHI C 3aJaHHBIMYM BEPOSITHOCTSIMU, & 34TEM Ha, OCHOBAHUU 3aKOHOB
PU3NKN U3 HUX BBIBOAATCS HEOOXOAUMBIE CJIOYKHBIE COOBITHSA.

16.1 JlaTuymK®; CcIIydalHBIX dUCEeJT

Jlisi MOJIeJIMPOBAHUS MCXOJAHBIX COOBITHI HY2KHbI 0amMUUKU CAYUATHOIT
yucen C 33JAHHBIMA BeposTHOCTAMH. B makere Mathematica nmerorcst
caemyomue QYHKIUN JjIsd T€HEPAIMU HEMPEPBIBHBIX WJIN [EJIbIX CJIy-
YaUHBbIX YHnCesI:

e Random][ | — Beigaer ciyuaiinoe uucsio or 0 1o 1 ¢ paBHOMEpHBIM
pacIpeie/IeHuEM.

e Random|Integer| — Bergaer 0 uaun 1 ¢ BeposTHOCTHIO 1/2.

e Random[Integer,10] — paBHOBEPOATHO BbLIAET CilyYaliHbIE LEJIbIE
qucsa or 0 go 10.

e Random|Integer,{1,100}] — paBHOBEPOATHO BbLAAET CJly4daliHbIe Le-
awle uncya ot 1 g0 100.

e Random|[Real,{0,10}] — paBHOBEpOSTHO BHIJAET CIyYaifHbIe BeIlle-
cTBeHHBIE dncya oT 0 1o 10.

16.2 MozaemupoBanue nepBoil IPeaeabHON TE€OPEMBI

Monyns na MaremaTuke:

first[p_, n_] := Module[{s, z},
s = 0; Do[z = Random[]; If[z < p, s++], {i, n}];
s/n // NI

MIO3BOJIAeT NIPHU 3aJ[aHHON BEPOATHOCTH P U YUC/E peau3alluii n moJjy-
4aTh CpeJlHee U CPABHUBATL €r0 3Ha4YEHHE C 33/IaHHOU BEPOATHOCTHIO.
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16.3 MoxaeaupoBauue multistep-pacupenesesHus

Ha npumepax step um multistep-pacnpenenenus (24) Mbl paccMOTpUM
IPONEAYPY CTATHCTUICCKOTO MOIETAPOBAHKA BHIGOPKH € 33JaHHBIM PaC-
npejesenneM sepodaTaocTei. IlycTh 3a0aHbl 3HAYeHHA BEPOATHOCTEH P 1
q. MogenupoBanue 1 waros co ciaydaiiubivu 3nadenusmu (-1, 0, +1),
¢ BepositHOCTSIMU (¢, 1 — p — ¢, p) COOTBETCTBEHHO MOXKHO TIOCTPOUTH
CJIEIYIOMIAM MOJYJIEM:

nstep[p_, q_, n_] := Module[{x, z, s}, s = 0;
Do[x = Random[]; If[x < p + q, If[x < q, s--, s++]1]1, {i, n}];
s]

MozkHO CMOAEJIUPOBATDH CEPUIO TaKUX CABUI'OB U3 TN 3K3EMILJIAPOB:

nmsteplp_, q_, n_, m_] :=
Module[{s, ms, DD}, 11 = {};
Do[AppendTo[11l, steplp, q, nll, {i, m}];
s = Sum[11[[i]], {i, m}]; ms = s/m;
DD = Sum[(11[[il] - ms)~2, {i, m}];
{11, {ms, DD/m}}//N
]

B Mozyse Takike BBIYMCHSIETCS CpeHee 3HaueHWe (ms) W CyMMAapHBIR
KBaJIpaT OTKJIOHeHHst oT cpenuero (DD).

16.4 Bpyruncaenue naTerpasoB Meroaom MonaTte-Kapio

Ecan ¢ momomnsio dyukimn Random|| BeiGpackiBaTh maphl 9uces U Mpu-
JlaBaTh UM CMbBICJI KOOpAMHAT (&, Y) TOYKU HA MJIOCKOCTH, TO HPU MHO-
TOKPATHOM MHOBTOPEHHM TOYKH JOCTATOYHO PABHOMEPHO 3AMOJHAT HA
iockocTu KBaapar, or 0 10 1 BJO/Ib Ocu T U Tak 2Ke BIoJb ocu Y (pas-
HOMEPHOCTD OTIPEJIETISAETCA KAUeCmEoM JATINKA, CITy TalHBIX YUCE ).
Ecam B 3TOM KBazmpare poBeIeHa HEKOTOPast KpUBasi, TO OTHOIIEHUE
YHUC/Ia TOYEK 110/ KPUBOIA () K 001eMy 4uciry To4uek (n) npubau3uTelib-
HO PaBHAETCA OTHOIICHHIO IUIOMAAM TIOJ, KPUBOM, K IJIOMAIN KBaIpaTa

(1), To ecrb paBHsiercs
1
m
de ~ —.
/ y(z)dz ~ —
0
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Ecsin muTerpas HyKHO BbIMUCIUTH Ha uHTEpBase (a, b), TO KOOp1u-
HATA T CBA3BIBACTCA CO CIYyYARHBIM 9UCIOM £ B MHTEPBAJE OT HYJISA 10
emuHAnbl £ = a+ (b—a)én

PaccvoTrpumM, mampumep, TJIOMIAIb TOJ, YETBEPTHIO OKPYXKHOCTHU B
[epBOM KBaJIpaHTe ¢ ypaBHeHueM x2 412 = 1. Paguyc oKpy>KHOCTH e/11-
HULIA ¥ [UIOIIA/b J0JKHA PaBHATHCs /4. Boruucnss meronom Monre-
Kapsio nuomwaup 1oz 910t Kpusoit (yuersepus ee) MOXKHO LpubJiu3u-

TE€JIbHO BBIYUCJIUTH YUCJIO Tr:
1

0.2 0.4 0.6 0.8 1

Moxaynb Takoro pacuera Ha Mathematic’e npuBenen uuxke:

piln_] := Module[{x, y, s}, s = 0;
Do[x = Random[ ]; y = Random[ ];
If[x"2 + y°2 < 1, s++], {i, n}];
4s/n // N
]

Pasnbre peasm3arun 1ai0T pa3andHbIe MPUOINAKEHHbBIE 3HAYECHUS IUC-
a .

MOKHO OPraHU30BATH CEPUIO BHIYUCTIECHUN C BBIYUCTIEHUEM CTATHCTH-
9eCKOT0 CPEeJHEro § W CPeHero KBaapaTudHoro pasbpoca DD:
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npiln_, m_] :=
Module[{11, s, DD}, 11 = {};
Do[AppendTo[11l, pilnl], {i, m}];
s =Sum[11[[i]1], {i, m}]/ m;
DD = Sum[(11[[i]l] - s)~2, {i, m}]/m;
{11, {s, DD}}]

Pabora ¢ sruMm momysem nokasbiBaer, 4ro ¢ ysejudenuem n (100,
1000, 10000) cpenHekBaIPATUYIHBIH PA3OPOC YMEHBIIAETCS.
[IpuBenem ere MOIY/Ib BBIYUCIEHUS WHTETPAJIA

sinz dr = 1.

O\m\:l

si[n_] := Module[{x, y, s}, s = 0;
Do[x = Random[ ]; y = Random[ ];
If[y < Sin[\[Pi] x], s++], {i, n}];
\[Pi] s/n/2 // N
]

Kak u B mpeapiaymeM caydae MOKHO OPraHH30BATb CEPHIO TaKUX
MCOBITAHUHN C BLIYUCICHUEM CPEIHETrO 3HAYEHNA U CPEIHEKBAAPATHIHOTO
pazbpoca:

nsi[n_, m_] :=
Module[{11l, s, DD}, 11 = {};
Do[AppendTo[1l, sil[nl], {i, m}];
s=Sum[11[[i]1], {i, m}]/m;
DD=Sum[(11[[i]l] - s)~2, {i,m}]/m;
{11, {s, DD}}]

OYHKIWSA 1)1 HHTETPUPOBAHN MOXKET OBITH 33/IaHA U HEAHAJUTUIE-
cku. JloykeH OBITH 33laH AJITOPUTM OIMPEIEICHUS HAXOXKIEHUS TOYKU
OJ, KPUBOIA.
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16.5 Ilaker pacumpenus “Crarucruka’

Yro0b! creaTh JOCTYIHBIM HY?KHOE PaCIpeesenne, HeOOXOMUMO MO/~
KJIFOUUTH COOTBETCTBYIOIIUI pa3ies makera:
< <Statistics‘DiscreteDistributions
st BinomialDistribution[n,p], PoissonDistribution[mu] u ap.,
< <Statistics‘ContinuousDistributions
TS 7y-, [B-pacrpeaesienuii U ApyTux
< <Statistics‘NormalDistribution*
s nopmassaoro, Creionenta, x2, F-pacnpenenenus ®@uiepa.
ITocne nmoak/oYeHusi COOTBETCTBYOIIErO IAKEeTa, /i O0bsABJIEHHBIX
B HEM PACTPEIeIeHUNl CTAHOBATCS JOCTYMHBIMU CJIEAYIONINe (pyHKINH,
rme dist — mepemMeHHast ¢ MPUCBOCHHBIM el pachpeIe/ieHreM, HAPUMep,
pu5=PoissonDistribution[5] — pacnpenenenne Iyaccona ¢ p = 5:

PDF|[dist,x | mIOTHOCTH BEPOATHOCTH KaK (DYHKIWS
CDF[dist,x | unrerpajibHas BEpOATHOCTh KaK (DYHKIMs T
Quantile[dist,q | kBanTHIb, OTCEKAIOWIMI 1LIIOLIAAL ¢
Domain|dist | ob1acTs u3MeHeHNsT TepeMeHHO

Mean|dist | maremaruyeckoe oxujgaHue

Variance[dist | aucuepcus

StandardDeviation|dist | crammaprHOe OTKIOHEHHE
ExpectedValuelf,dist,x | maremarndgeckoe oxunanve GyHKIUT T
Random]dist | ncesnociyuaiinoe uuciio ¢ pacupenenenueM dist

RandomArray|dist,n | remepupyer MaccMp W3 n TICEBIOCITYIaRHBIX
quces ¢ pacnpeneaeranem dist

Hanpwuwmep, mist rerepanmm 12 ciydaiHBIX 9uCeI ¢ 0O0bABICHHBIM BhI-
IIe pacrpe/esieHHeM pub Hy»KHO BeIOHUT, RandomArray[pub, 12].
O6paboTKa MACCUBOB CIIyYaiiHbIX 4uCes (BbIYUCIEHUE CPEIHUX, Pa3-
6poca U 1p.) CTAHOBUTCS JIOCTYIIHOM I10C/Ie 3aIlyCKa [AKeTa,
< <Statistics‘DescriptiveStatistics*
Help n npumepst B paszaesne Help: Add-Ons/Standard Packages/Statistics.
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17.1 Pacupenenenus

st cayvaitHoil BeIMYIWHBI, UMEIOIIeil pacipeieenne
e nuckperHoe: bmHomuasbaoe, Ilyaccona, Ilackass;

e HelpepbIBHOE: HOpMaJIbHOE, [(3-pacipejiesienue, I'-pacmpe/enenne,
Makcsenna, Peses, x2

1. BbIOparh 3HAYEHUS IAPAMETPOB;
2. mocTpouTh rpaduk;

3. Ha TpaduKe yKA3ATh: UeHmp U Haubosee 6ePOAMHOE 3HAUEHUE —
BEPTUKATLHLIMA JIMHUSAMU, MATEMATHIECKOE OKUTAHNE — JKUPHOMI
TOUKOI, a cmandapmuudi unwmepeas < x > +0; 0 = /D, yKa3aTh
OTpe3KaMy TOPU30HTAJIbHBIX JIMHUM JIJTMHON 0 BJEBO M BIPABO OT
MaTEMATUYECKOIO OKHUIAHUSA

17.2 CeMunHBapHUaAHTHI

Borauciuts passiokeHueM B psiJi IPOU3BOIIEH (DYHKIMH CEMUNHBAPU-
AHTOB MaTEMATUYECKOE OXKHUJAHUE, JIUCIEPCUI0, ACUMMETPHUIO, IKCIECC
ISt pacipesiesiernT#i (ocHoBHOro HaGopa):

ounomuasbuoro, Ilyaccona, Ilackams, nstep, (-pacupenenenusi, I'-
pacmupeznenenus;, Makcsenna, Pemres, x2.

17.3 Pacupegenenne CrbiogeHTa

e 3amucarb siBHYIO dopmyry pacupeenenus CrbiogeHTa ¢ m = 5
CTeleHdAMH CBOOOIbI.
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e I[TocTponTs 3TO PACIPE/IE]ICHIE B CDABHEHUH CO CTAHAPTHBIM HOD-
MasbHBIM (Ha ofHOM rpaduke) (—3 < x < 3).

o [IpsiMbIM BbIYKC/IEHHEM YOEIUTHCS B HODMUPOBKE 3TOIO PACIpejie-
senusi. J1jist 3T0ro co3marh GyHKIHNO ¢ hOPMATHLHBIM TAPAMETPOM

m
I
oz

Boraucaurs Blm] npu m =1,3,5,7.

IMocrponTs psig otHomennit Blm + 2]/ B[m].

Beraucnurs B[m] mpu m = 2,4, 6.

[Mocrpouts psz orHowenuit Bm + 2]/B[m).

Y6enuTbcs, 9TO ITH COOTHONIEHUs COTTIACOBAHBI C ONPEIETEHUEM
HopMupoBanuoil dyukiuu (47) na crpanune 35.

17.4 MoagenupoBanue pacupeaejaeHui

s 0dnozo w3 pacnpezenenuii ocnoenozo nabopa (crp. 66) cmomenu-
pOBaTh MOCIEAOBATENBHOCTD 1 CAYIANHBIX BEJTWYINH, TOTINHAIONIIXCS
3TOMY PAaCIIPeIesIeHUI0, U 3aIucaTh B (Daii.

ITo xpuTepuio cornacus x> HPOBEPUTH COOTBETCTBHE I10J1y YeHHOI 110-
CJI€JIOBATEJIbHOCTU 33/IAHHOMY DACIIPEIEeJICHUIO.

17.5 Crarucruka nmapamMeTpon

ITpouurars u3 daiina (chOpMUPOBAHHOIO 110 TPEALLLYIIEMY IIYHKTY JDY-
UM CTYZEHTOM ) TIOC/Ie[0BATEIbHOCTD 1 CIYYailHbIX YHUCeJl. 3HAs PACIpe-
JIeJIEHHE TIOCTPOUTH CTATUCTUKY MAPAMETPOB PACIPE/IeIeHUs.

17.6 Kpurepuu 3HaYNMOCTH

CreneprpoBaTh JBe MOCIEIOBATEIHHOCTH HOPMAJIBHO PACIPEIETIEHHBIX
CAYyYaNHBIX BeJIMYWH C OAWHAKOBOU mucnepcueii. [lo kpurepuio Crbio-
J€HTa OIpeJeNuTh pa3/ndue MaTeMaTUYeCKUX OKHUIAHUN, OIEeHEHHBIX
110 3TUM I10CJIEJOBATEIbHOCTAM.
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17.7 Perpeccus

CrenepnpoBarh MOCJIEIOBATEIBFHOCTh TOYEK HA IMIJIOCKOCTH C JIMHEHHOI
3aBUCHMOCTBIO Y = @ + b U 1IyMoM, J00aBIsieMbIM B BHJE CIIyYaiHOM
senmunsbl k (1 — 2 Random|]), nprHEMAaroeil pABHOBEPOATHO 3HAYEHUS
or —k no +k, roe k — aMmuryaa myMma.

TTo momyueHHON MOCTIEIOBATEILHOCTH TOYEK HA TMIIOCKOCTH MOCTPO-
UTh PErPECCHOHHYIO MPSAMYIO, OIEHUTh WHTEHCHBHOCTD IIIyMa U MOCTPO-
UTh JOBEPUTEJBHbI HHTEPBAJ 3aIaHHON HAIEXKHOCTH.

17.8 Wurerpuposanue merogoM MouTte-Kapiio

Borancints meromom Monre-Kapso 3aganmbie omnpe/ieieHHbIe WHTErpar-
JIBI.
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